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“The beginner should not be discouraged if he finds he does not have the prerequisites
for reading the prerequisites.”

Paul Halmos
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Introduction

Besides shaking our knowledge of fundamental laws of nature, Quantum
Mechanics has had a huge technological impact since its advent. The most
striking example in this sense is the invention of the transistor which is at
the basis of physical realization of modern computers. The possible tech-
nological applications have increased over time with the deepening of the
comprehension of its fundamental principles. Nowadays in particular there
is an increasing interest in quantum computation, consisting in the exploita-
tion of purely quantum features such as superposition principle to perform
logic operations on data and to process information.

The unit of quantum information is known as a qubit, which is the quan-
tum counterpart of the classical bit. Physically, a qubit can be any two-level
system, like the two spin states of a spin-1

2
particle or the ground and excited

states of an atom. A quantum computer is a system of many qubits, whose
evolution can be controlled. Information is stored in these qubits and is pro-
cessed through the application of quantum gates, which consist in unitary
transformations acting on the many-qubit state describing the computer.

One of the fundamental advantages of using qubits to perform computa-
tion derives from the quantum superposition principle: quantum computers
can accept input states which represent a coherent superposition of many dif-
ferent possible inputs and subsequently evolve them into a corresponding
superposition of outputs. Since unitary transformations representing quan-
tum gates affect simultaneously each element of the superposition, a massive
parallel data processing can be achieved on a single piece of quantum hard-
ware. As a consequence quantum computers can be used to solve problems
which are believed to be intractable on any classical computer, such as prime
factorization of an integer number.

In order to achieve these high performances, however, it is important that
the coherence between the states in a superposition is preserved during the
evolution of the system and during the application of quantum gates. This
can be a very demanding task because all systems which can be used as a
quantum computer are subjected to the interaction with their environment,
which can drive the system towards decoherence. In order to perform a reli-
able computation, it is therefore necessary to be able to control the system in
such a way that the coherence is preserved during computation.

We will prove, using the adiabatic theorem of quantum mechanics, that
a strong coupling of the system with an external potential can be used to
control the evolution of a quantum system, forcing some dynamical super-
selection rules over the evolution of the system. It will be shown that the
same result can be obtained with a pulsed control, consisting in the repeated
applications of strong short pulses to the system, an approach which recalls
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procedures typical of dynamical decoupling. The two control procedures
will be framed in the context of quantum Zeno effect, and it will be shown
that they can be actually envisioned as different but equivalent formulations
of quantum Zeno dynamics. The nature of this equivalence will be studied,
using some product formulae.

• In Chapter 1 we will introduce some preliminary notions which will
be used throughout the thesis, concerning the description of a closed
quantum system, the change of picture in the description of the evolu-
tion of the system, and some introductory notions on density operators.

• In Chapter 2 we will present extensively the adiabatic theorem, describ-
ing the evolution of a quantum system with a slowly varying time-
dependent Hamiltonian, which will be used in the proof and discussion
of the results in Chapter 4.

• In Chapter 3 a detailed explanation of the phenomenon of decoherence
will be given. Then we will show how it is possible to realize a coherent
evolution with decoherence-free subspaces and dynamical decoupling.

• In Chapter 4 the quantum Zeno effect will be introduced showing how
quantum Zeno dynamics can be used to control a quantum system
through the formation of decoherence-free subspaces. We will prove
then that a strong continuous coupling and a kicked evolution of the
system yield both a quantum Zeno dynamics.

• Finally, in Chapter 5 continuous and pulsed control will be compared
in detail, through the use of some “product formulae” which generalize
the Trotter product formula.
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Chapter 1

Preliminaries

1.1 Closed quantum system

According to the axioms of quantum mechanics, the state of a closed quan-
tum system is represented by a normalized vector |ψ〉 living in a Hilbert space
H , while the observables pertaining to the system are represented by self-
adjoint operators acting on H . In this thesis only finite dimensional Hilbert
spaces will be considered. Therefore it will always be possible to identify our
Hilbert space with Cn, where n = dim H .

An Hermitian operator A has the property that it is always possible to
find an orthonormal basis {|ϕk〉}k=1,...,n of H made up of eigenstates of A,
namely states that satisfy the eigenvalue equation:

A |ϕk〉 = λk |ϕk〉 , k = 1, . . . , n. (1.1)

The observable represented by A will have a well-defined value only if the
system is in one of its eigenstates |ϕk〉. Every state of the quantum system
can be expressed as a quantum superposition of basis states:

|ψ〉 =
n∑
k=1

ck |ϕk〉 , (1.2)

where the coefficients ck = 〈ϕk |ψ〉, k = 1, . . . , n are complex numbers satisfy-
ing the normalization condition

∑n
k=1 |ck|

2 = 1.
If a measurement of the observable A is performed on the system, |ψ〉

will “collapse” into one of the eigenstates |ϕk〉 of A with probability |ck|2, and
the result of the measurement will be the corresponding eigenvalue λk. In
this sense we can assign to the coefficients of the quantum superposition a
statistical meaning since they define a probability distribution pk = |ck|2 over
the possible outcomes of a measurement of A.

However, it is important to stress that the state defined by (1.2) is funda-
mentally different from a mere statistical mixture of states {|ϕk〉}k=1,...,n with
weights |ck|2. In fact, the coefficients appearing in the superposition contain
more information than the statistical distribution defined by pk = |ck|2 since
as complex numbers they are characterized by particular phases, other than
their moduli. This remark will be of particular relevance in the discussion
about coherence of quantum systems. In (1.1) some of the eigenvalues λk can
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be degenerate, which means that some eigenvalues are equal and the num-
ber of distinct eigenvalues is m < n. In such a case the eigenvectors in the
degenerate eigenspace can be chosen as an arbitrary orthonormal basis of
the eigenspace. In general, denoting by {ηk}k=1,...,m the distinct eigenvalues
(m 6 n), we can eliminate this arbitrariness considering the projections on
the eigenspaces:

APk = ηkPk, k = 1, . . . ,m. (1.3)

where {Pk}k=1,...,m are a complete system of orthogonal projections, i.e. satis-
fying

Pk = P †k , (1.4)
PjPk = δjkPk, (1.5)
m∑
k=1

Pk = I. (1.6)

where I is the identity operator. Summing over k in (1.3) and using the com-
pleteness relation (1.6), we obtain the spectral decomposition of A:

A =
m∑
k=1

ηkPk. (1.7)

The evolution of the state of a closed quantum system is described by a
unitary operator U(t) on H satisfying the Schrödinger equation (~ = 1)

i
d

dt
U(t) = HU(t), U(0) = I, (1.8)

where H is the Hamiltonian of the system, which is the Hermitian operator
associated to the energy of the system. If H is time-independent, then the
evolution operator is obtained as

U(t) = e−itH . (1.9)

Therefore if the state of the system at t = 0 is |ψ0〉 then it will evolve in time
according to

|ψ(t)〉 = U(t) |ψ0〉 . (1.10)

1.2 Change of picture

The description of a quantum system in which the evolution is described
in terms of a time dependent state vector while the operators remain fixed
in time is called Schrödinger picture. One can adopt also a description in
which the evolution of the system is described in terms of the evolution of
the operators in the Hilbert space H , while the state vectors remain fixed:
such a description is called Heisenberg picture of quantum mechanics.
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If |ψS(t)〉 and AS represent respectively a vector state and an observable
in the Schrödinger picture, the corresponding state vector and observable in
the Heisenberg picture will be given by the following transformation rules:

|ψH〉 = U †(t) |ψS(t)〉 (1.11)

AH(t) = U †(t)ASU(t) (1.12)

where U(t) is the evolution operator in the Schrödinger picture, given by
(1.9). It can be trivially verified that the state vector |ψH〉 is independent of
time, while the operators evolve in time according to the Heisenberg equa-
tion:

i
d

dt
AH(t) = [AH(t), H], (1.13)

where we assumed that AS does not depend on time explicitly. The trans-
formations (1.11) represent a change of picture, which consists in a rotation of
both the vectors and the operators living in H through the unitary trans-
formation U †(t): this “rotation” counteracts the motion of the vector state
transferring this motion onto the operators.

However, Schrödinger and Heisenberg picture are not the only possible
representations of quantum mechanics. Following the previous discussion,
we can effect a change of picture using any unitary operator we want and not
necessarily (1.9). In particular, if we want to solve the Schrödinger equation

i
d

dt
U(t) = (H0 +HI)U(t) (1.14)

and we know the solution U0(t) of the equation:

i
d

dt
U0(t) = H0U0(t), (1.15)

it can be convenient to adopt an “intermediate” picture obtained from the
Schrödinger picture using U0(t). In this new “picture” which we call interac-
tion picture, both the state vectors and the operators evolve in time according
to the evolution operator UI(t) defined by

UI(t) = U0(t)
†U(t). (1.16)

The equation of motion for UI(t) can be found evaluating the time derivative:

i
d

dt
UI(t) =

[
i

d

dt
U †0(t)

]
U(t) + U †0(t)

[
i

d

dt
U(t)

]
= −U †0(t)H0U(t) + U †0(t)(H0 +HI)U(t), (1.17)

from which it follows that

i
d

dt
UI(t) = HI(t)UI(t), (1.18)
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where
HI(t) = U †0(t)HIU0(t) (1.19)

represents the generator of the evolution in the interaction picture.

1.3 Statistical ensembles and pure states

As mentioned before, a quantum superposition of states like (1.2) must not
be misinterpreted as a statistical mixture. In a quantum superposition, the
state is not defined by any particular state of those making the superposi-
tion1, these states interfere with each other giving the superposed state. A
statistical mixture {|ψk〉}k=1,...,N with a distribution {pk}k=1,...,N on the other
hand, can be thought as an ensemble of copies of the system, each copy being
in a particular defined state {ψk} which occurs with a classical probability pk,
and these states do not interfere with each other.

To describe a statistical mixture we must adopt the density operator for-
malism.

Definition 1.1. An operator ρ of an Hilbert space H is said to be a density
operator or density matrix if:

1) ρ is an Hermitian operator, ρ = ρ†;

2) ρ is a positive definite operator, namely ∀ |ψ〉 ∈H : 〈ψ | ρ |ψ〉 > 0;

3) Tr ρ = 1.

Using the ket-bra notation to represent operators, a classical mixture of
states {|ψk〉}k=1,...,N with a statistical distribution {pk}k=1,...,N is described by

ρ =
N∑
k=1

pk |ψk〉 〈ψk| . (1.20)

Using the fact that {pk} is a statistical distribution, satisfying the properties :

pk > 0 ∀k = 1, . . . , N,
N∑
k=1

pk = 1, (1.21)

properties of definition 1.1 can be easily verified.
If we want to know the expectation value of the observableA in the mixed

state ρ, me must take an average of the expected values of A in the states |ψk〉
over the statistical distribution {pk}k=1,...,N :

〈A〉 =
N∑
k=1

pk 〈ψk |A |ψk〉 = Tr (ρA) (1.22)

1For example, in (1.2) in each state |ϕk〉 the observable A has a well defined value λk,
while in the superposed state its value is not determined.
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We can therefore observe that in this description probabilities enter at two
levels:

• The initial information about the system is given in terms of probabili-
ties (sum over k = 1, . . . , N );

• The predictions of quantum mechanics are probabilistic by nature (in
the state |ψk〉 the observable A has not necessarily a definite value, and
its expectation value is given by 〈ψk |A |ψk〉).

The density operator formalism allows the description of pure states as
special cases of statistical ensembles. If one knows with certainty that the
system is in the pure state |ψ〉, one can represent that state by a statistical
mixture having |ψ〉 as its sole element; its density operator will be

ρ = |ψ〉 〈ψ| , (1.23)

which is a projection, satisfying the property

ρ2 = ρ. (1.24)

This property characterizes pure states: it is not valid for density operators
representing statistical ensembles. In conclusion, it is always possible to rep-
resent the dynamical state of a system by a density operator, whether that
state be completely or incompletely known. In fact, the specification of this
operator is sufficient to determine all physically measurable quantities which
the Quantum Theory is able to provide. This procedure has the advantage of
providing a uniform treatment for the pure states and the mixtures. More-
over, the density operator representing the state of a system is defined in a
unique manner, while the vector representing a pure state is defined only
modulo a phase factor2.

Each state in the mixture (1.20) evolves in time according to the prescrip-
tion (1.10), therefore the density operator representing the system at time t
will be given by

ρ(t) =
N∑
k=1

pk |ψk(t)〉 〈ψk(t)| =
N∑
k=1

pkU(t) |ψk〉 〈ψk|U †(t) = U(t)ρU †(t). (1.25)

which represents a unitary dynamics for the mixed states of a closed quan-
tum system.

1.4 Open quantum systems

Statistical mixtures can arise from the fact that we do not have a complete
knowledge about the state of the system, and for this reason their utility is
fundamental when we consider an open quantum system, which is a system

2Strictly speaking, one should consider rays of the Hilbert space in place of a normalized
vector, namely equivalence classes of vectors differing by the multiplication by a scalar
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S that can interact with an environment E whose degrees of freedom are not
accessible. We can still consider the global system S + E as a closed system,
described in the tensor product Hilbert space HS ⊗HE , where HS and HE

represent the Hilbert spaces of the system and the environment. The state of
this global quantum system can be described by a normalized vector state.

However, if we consider the state of quantum system S alone, its general
description must be performed through a density operator. This operator,
which we denote by ρS , must reproduce all the observable properties of the
system S alone. Then ρS must satisfy the property

TrS (ρSA) = TrSE [ρSE(A⊗ IE)], (1.26)

for all observables A defined on HS . We can define the partial trace TrE
which sends each linear operator defined on HS ⊗HE into a linear operator
defined on HS such that

ρS = TrE ρSE (1.27)

satisfies property (1.26) for all operators A defined on HS . It can be proven
that TrE is uniquely determined by this request. In particular, since we are
considering finite dimensional Hilbert spaces, given a basis {|µ〉}µ=1,...,N of
HE , we have that a generic linear operator B on HS ⊗HE can be written as

B =
∑
µ,ν

Bµν ⊗ |µ〉 〈ν| , (1.28)

where Bµν are operators on HS , and the partial trace can be therefore com-
puted as:

TrE B = TrE

(∑
µ,ν

Bµν ⊗ |µ〉 〈ν|

)
=

m∑
µ=1

Bµµ. (1.29)
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Chapter 2

The Adiabatic theorem

In Chapter 1 we have seen that the solution of the Schrödinger equation
(1.8) in the case of a time-independent Hamiltonian is simply given by (1.9).
The case of a time-dependent Hamiltonian can be considerably more compli-
cated. In general, given the equation:

i
d

dt
U(t) = H(t)U(t), U(0) = I, (2.1)

its formal solution is given by the Dyson series:

U(t) = T exp

(
−i
∫ t

0

dsH(s)

)
≡

∞∑
n=0

(−i)n

n!

∫
ds1 · · · dsn T [H(s1) · · ·H(sn)],

(2.2)
where T denotes the time ordering operator.

Employing such formal solution in some specific cases can result in an ex-
cessively demanding task, unnecessary in those situations where we are only
interested in some particular features of the evolution operator and not in its
exact form. The quantum adiabatic theorem is a statement which character-
izes the behaviour of the solution of the equation (2.1) when the variation of
H(t) is made very slow.

There are many versions of this theorem, which differ in the assumptions
made and in the characterization of the approach to the limit behaviour. The
essential feature, however, can be simply expressed as follows: if we start
at t = 0 in an eigenstate of the Hamiltonian H(0) and the variation of H(t)
is slow enough, the state of the system will closely follow the instantaneous
eigenstate of the Hamiltonian during its evolution. Then, in particular, if we
start in the ground state of the Hamiltonian at t = 0, this ground state will
change during the evolution, its energy will change as well, but the evolv-
ing state will always closely follow this ground state, provided that certain
conditions are met and that the variation ofH(t) is slow enough.

2.1 The statement

In order to express more formally what we are saying, let us suppose that
we are interested in the solution of (2.1) for a time interval t ∈ [0, T ]. We
want to investigate the behaviour of the solution when T → ∞, while the
total change of the Hamiltonian H(t) remains finite (see Figure 2.1). In order
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FIGURE 2.1: Rescaling of the Hamiltonian.
The two eigenvalues λ1 and λ2 of the Hamiltonian will change
in time. When we rescale time and consider the same variation
of the eigenvalues performed in a time interval T ′ > T , the two

eigenvalues will vary more slowly.

to consider this limit, we introduce the rescaled time s = t/T ∈ [0, 1] and
rewrite equation (2.1) with respect to the rescaled-time variable s:

i
d

ds
VT (s) = TH(s)VT (s), VT (0) = I. (2.3)

where H(s) ≡ H(sT ) and we have made explicit in the notation the depen-
dence of the solution on T . Note that we are implicitly assuming that H(s) is
independent of T , but this assumption is justified if we have an Hamiltonian
whose variation is supported on a compact interval: in such a case H(s) tells
us how the physical Hamiltonian goes from its initial “value”H(0) to its final
oneH(T ).

By hypothesis H(s) is such that H ′(s) (from now on the derivative with
respect to s will be denoted by a ′) remains finite when T →∞.

As mentioned above, there are a many different Adiabatic theorems, with
different assumptions and different proofs. Here, we will follow the geomet-
ric approach by Kato [6], which consists in finding an adiabatic transforma-
tion which maps the generic initial eigenspace P (0) of the Hamiltonian H(0)
to the eigenspace P (s) of the Hamiltonian H(s), and then showing that the
dynamical transformation VT (s), solution of the equation of motion (2.3), ap-
proaches U(s) in the limit T →∞, except for a (large) phase factor.

In this thesis we are interested in the results of the adiabatic theorem only
in a finite dimensional setting, therefore we will avoid unnecessary compli-
cations by assuming in the following discussion that we are in a finite dimen-
sional Hilbert space.
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Theorem 2.1 (Adiabatic Theorem). Let VT be the solution of equation (2.3) and
let λ(s) be a discrete eigenvalue of the Hermitian operator H(s) with multiplicity
m > 1, and let P (s) be the projection on the associated m−dimensional eigenspace:

H(s)P (s) = λ(s)P (s). (2.4)

Assume that:

i) λ(s) is a continuous function of s ∈ [0, 1];

ii) P (s) is a twice differentiable function of s with P ′(s) and P ′′(s) continuous.

Then, there exists an adiabatic transformation U(s), satisfying the intertwining
property:

P (s)U(s) = U(s)P (0) (2.5)

such that, in the limit T → ∞, the dynamical transformation VT tends toward the
adiabatic transformation U(s) except for a (large) phase factor:[

VT (s)− exp

(
−iT

∫ s

0

λ(σ) dσ

)
U(s)

]
P (0) = O

(
1

T

)
. (2.6)

As already mentioned, the proof of this theorem will be given in two
steps: first, in the next section, we will find a geometric transformation which
we call “adiabatic transformation” and then, in the following section, we will
prove the theorem showing that the true evolution of the system, represented
by the dynamical transformation VT (s).

2.2 Adiabatic Transformation

We consider the differential equation

X ′(s) = iA(s)X(s), (2.7)
iA(s) = [P ′(s), P (s)]. (2.8)

The solution of equation (2.7) is uniquely determined by the initial value
X(0). If we denote by U(s) the solution corresponding to the initial value
U(0) = I , the general solution of equation (2.7) is clearly given by:

X(s) = U(s)X(0). (2.9)

Now we will give two lemmas which characterize some properties of the
operator U(s).

Lemma 2.1. Let U(s) be the solution of equation (2.7) corresponding to the initial
value U(0) = I . Then U(s) is a unitary operator.

Proof. We first note that A(s) is an Hermitian operator:

A†(s) = i[(P ′P )† − (PP ′)†] = i(PP ′ − P ′P ) = −i[P ′, P ] = A. (2.10)
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Therefore, considering the equation (2.7) for the operator U(s) and its Her-
mitian conjugate, we get:

U ′ = iAU, U †
′
= −iU †A. (2.11)

It follows that:
(U †U)′ = (−iU †A)U + U †(iAU) = 0, (2.12)

hence:
U(t)†U(t) = U(0)†U(0) = I. (2.13)

Also:
(UU †)′ = (iAU)U † + U(−iU †A) = i[A,UU †]. (2.14)

This is a linear differential equation for UU † whose solution is uniquely de-
termined by its initial value U(0)U †(0) = I . Hence we must have UU † = I ,
for it is certainly a solution of (2.14).
Thus we have obtained:

U †U = UU † = I, (2.15)

showing that U(s) is unitary.

Lemma 2.2. For each s ∈ [0, 1] we have the following intertwining property:

P (s)U(s) = U(s)P (0). (2.16)

Proof. Since P (s) is a projection, we have that P 2(s) = P (s) . Differentiation
of both sides gives:

P ′P + PP ′ = P ′. (2.17)

Multiplying both sides by P from the left and from the right, and using again
the property P 2 = P , we have:

PP ′P = 0. (2.18)

From (2.8) and (2.18) it follows that:

iPA = −PP ′, iAP = P ′P. (2.19)

Hence, by equation (2.17):

P ′ = iAP − iPA = i[A,P ]. (2.20)

Now, we observe that considering the derivative of W (s) ≡ P (s)U(s), we
obtain:

W ′ = (PU)′ = P ′U + iPAU = P ′U − PP ′U = P ′PU = iAPU = iAW (2.21)

by (2.11) and (2.20). This equation means that W is a solution of (2.7) so that
we must have W (s) = U(s)W (0) = U(s)P (0) by equation (2.9). Therefore:

W (s) ≡ P (s)U(s) = U(s)P (0). (2.22)
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By (2.22) and (2.23) we have W (s)P (0) = U(s)P (0) so that W (s) gives the
same mapping as U(s) when acting on vectors of the eigenspace P (0). We
shall call U(s) or W (s) the AT operator corresponding to the eigenvalue λ(s).

We write also some relations which will be useful later:

W (s) = P (s)W (s) = W (s)P (0), (2.23)

W †(s)W (s) = P (0), W (s)W †(s) = P (s), (2.24)

by (2.22). Also, we have:

W ′(s) = iAW = iAPW = P ′PW = P ′(s)W (s) (2.25)

by (2.21), (2.23), and (2.19), so that W (s) satisfies a simpler differential equa-
tion than U(s). Finally we note that:

P (s)W ′(s) = PP ′PW = 0 (2.26)

by (2.25) and (2.18).

2.3 Proof of the Adiabatic Theorem

By definition we have that:

[H(s)− λ(s)]P (s) = 0. (2.27)

Let us consider the spectral decomposition of H(s):

H(s) =
m∑
k=0

λk(s)Pk(s), (2.28)

where we have denoted by Pk the projection on the eigenspace associated
with the eigenvalue λk and we are considering all the different (possibly de-
generate) eigenvalues, then TrPk > 1 and the total number of eigenvalues
m+ 1 6 n = dim H . Furthermore, we have the completeness relation:

m∑
k=0

Pk(s) = I. (2.29)

We can order the eigenvalues in such a way that the eigenvalue on which we
are focusing our attention is λ0(s) and we will drop the index for simplicity:
λ(s) ≡ λ0(s) and P0(s) ≡ P (s).

Then, we consider the following operator:

S(s) =
m∑
k=1

1

λk(s)− λ(s)
Pk(s), (2.30)
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satisfying the following properties:

P (s)S(s) = S(s)P (s) = 0, (2.31)
[H(s)− λ(s)]S(s) = I − P (s). (2.32)

This operator will be named reduced resolvent.
Taking the adjoint of both members of equation (2.3) we obtain the fol-

lowing equation:

iV †T
′
(s) = −TV †T (s)H(s), V †T (0) = I. (2.33)

Then, setting:

V T (s) = exp

(
iT

∫ s

0

λ(σ) dσ

)
VT (s), (2.34)

and using (2.33), we have:

V
†
T

′
(s) = iTV

†
T (s)[H(s)− λ(s)]. (2.35)

Using this equation we can write the derivative of V
†
TW as follows:

(V
†
TW )′ = iTV

†
T (H − λ)W + V

†
TW

′. (2.36)

The first term on the right vanishes by (2.23) and (2.27). Hence, by inte-
grating both sides between 0 and s and noting that:

V
†
T (0) = I, W (0) = P (0), (2.37)

we have:
V
†
T (s)W (s)− P (0) =

∫ s

0

V
†
TW

′ dσ. (2.38)

But we have by (2.26) and (2.32):

W ′ = W ′ − PW ′ = (I − P )W ′ = (H − λ)SW ′, (2.39)

so that by (2.35) we have:

V
†
TW

′ = V
†
T (H − λ)SW ′ =

1

iT
V
†
T

′
SW ′. (2.40)

Substituting this into (2.38) and integrating by part, we finally obtain:

V
†
TW − P (0) =

=
1

iT

[
V
†
TSW

′
]s
0
− 1

iT

∫ s

0

V
†
T (SW ′)′ ds. (2.41)

Now we will give a lemma which legitimates us to consider the case in
which there is no crossing between eigenvalues. This derives from the con-
tinuity of the projection operator P (s). This assumption can be relaxed by
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requiring only piecewise continuity [6] and for the sake of completeness we
will see in the next subsection how the theorem can be proven in this case.
However, the result obtained will be weaker and it will not be useful for our
purposes.

Lemma 2.3. Let P (s) be a projection depending continuously on a parameter s vary-
ing in a (connected) region of real numbers. Then the ranges P (s)H for different s
are isomorphic to one another. In particular dim(P (s)H ) is constant.

Proof. From the continuity of P (s) we know that we can choose |s− s0| small
enough such that ‖P (s)− P (s0)‖ < 1. We now want to show that for ev-
ery such s, dim(P (s)H ) = dim(P (s0)H ). If this were not the case, and for
example dim(P (s)) > dim(P (s0)), it would be possible to consider a vector
|ψ〉 ∈ P (s)H which cannot be expressed as a linear combination of vectors
of P (s0)H . For such a vector |ψ〉 − P (s0) |ψ〉 = [P (s)− P (s0)] |ψ〉 6= 0. Thus,
if we consider the vector

|ϕ〉 =
|ψ〉

‖|ψ〉 − P (s0) |ψ〉‖
, (2.42)

we would have that:

‖[P (s)− P (s0)] |ϕ〉‖ =
‖P (s) |ψ〉 − P (s0) |ψ〉‖
‖|ψ〉 − P (s0) |ψ〉‖

= 1 > ‖P (s)− P (s0)‖ , (2.43)

which cannot be true. Therefore we must conclude that

dim(P (s)H ) = dim(P (s0)H ).

This lemma guarantees that under our assumptions any eigenvalue cross-
ing is avoided, since in such a case the dimension of the eigenprojections
would change. Then S(s) in (2.30) is finite, and the right hand side of (2.41)
is of order T−1 since V

†
T is unitary and hence of order 1. Multiplying from

left by the unitary operator −V T and noting V TV
†
T = I , we obtain:

V TP (0)−W (s) = O

(
1

T

)
, (2.44)

or, by (2.35) and (2.23):[
VT (s)− exp

(
−iT

∫ s

0

λ(s) ds

)
W (s)

]
P (0) = O

(
1

T

)
. (2.45)

It means that the DT VT (s) when acting on any vector of the eigenspace P (0)
tends to the AT W (s) when T →∞ except for a phase factor, and thus (2.45)
contains all the assertions of the adiabatic theorem.
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2.3.1 Crossing eigenvalues

As mentioned above, we can prove that the dynamical transformation tends
towards the adiabatic one also if P (s) is supposed to be only a twice differen-
tiable piecewise continuous mapping. In such a case lemma 2.3 is no longer
valid and the different eigenvalues can cross each other during the evolution.
However, for a piecewise continuous P (s), the crossings take place only at a
finite number of instants, in correspondence of the discontinuity points of
P (s). Let s1, s2, . . . , sN−1 be the points at which the crossing occurs. Then the
operator S(s) in general diverges at these points (see (2.30)) and (2.41) is not
valid. But if we take a small number δ > 0, we can perform the integration
(2.38) in each of the intervals:

sk−1 + δ 6 s 6 sk − δ (k = 1, ..., N ; s0 = 0, sN = 1) (2.46)

instead of integrating on the whole interval (0, s), and we obtain:

lim
T→∞

[
V
†
TW

]sk−δ
sk−1+δ

= 0 (2.47)

for fixed δ. On the other hand, integrating equation (2.36) (remembering that
the first term vanishes) on the small intervals sk − δ 6 s 6 sk + δ, we obtain:

lim
δ→0

[
V
†
TW

]sk+δ
sk−δ

= 0 (2.48)

uniformly with respect to T because V
†
T is unitary. Consequently, if we take

first δ small and write:

V
†
T (s)W (s)− P (0) =

[
V
†
T (s)W (s)− V †T (s− δ)W (s− δ)

]
+

N∑
k=1

[
V
†
TW

]sk−δ
sk−1+δ

+
N−1∑
k=1

[
V
†
TW

]sk+δ
sk−δ

+
[
V
†
T (δ)W (δ)− P (0)

]
(2.49)

then for T sufficiently large, we can easily conclude that:

V
†
TW − P (0) = o(1) (2.50)

where o(1) means a quantity which tends to zero when T →∞. It follows as
before: [

VT (s)− exp

(
−iT

∫ s

0

λ(σ) dσ

)
W (s)

]
P (0) = o(1), (2.51)

which gives the complete proof of the adiabatic theorem in the general case.

Remark 2.1. Note that with these weaker assumptions we are not able to
make accurate predictions about the rate at which the limit is approached,
unlike the specific case in which P (s) is continuous. This distinction is es-
sential for our purposes, since in our case P (s) is in fact continuous and this
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guarantees that the limit is approached with a rate of O(1/T ).

2.4 Rotating frame representation

In the proof of the Adiabatic theorem we have considered only one eigen-
value λ(s) of H(s) and we have constructed the corresponding adiabatic
transformation U(s). However, U(s) does not necessarily represent the adia-
batic transformation when it acts on vectors outside the eigenspace P (0), and
we should consider different U(s) for different eigenvalues of H(s).

To remove this defect, in this section we shall show that we can construct
a unitary operator U(s) which describes the adiabatic transformation which
brings Pk(0) to Pk(s) for all the eigenvalues λk(s), (k = 1, 2, . . . ,m), of H(s)
simultaneously.

Let Pk(s) be the projection on the eigenspace associated with λk(s). Since
H(s) is Hermitian, these projections will be mutually orthogonal:

Pj(s)Pk(s) = δjkPk(s), j, k = 1, 2, ...,m (2.52)

and they are also complete:

m∑
k=1

Pk(s) = I. (2.53)

If these Pk(s) meet the assumptions of the theorem, we can construct
the corresponding adiabatic transformations Wk(s) as done in (2.22), and we
have the analogous properties of (2.23) and (2.24):

Wk(s) = Pk(s)Wk(s) = Wk(s)Pk(0), (2.54)

W †
k (s)Wk(s) = Pk(0), Wk(s)W

†
k (s) = Pk(s). (2.55)

It follows from (2.54) that for m 6= n:

W †
j (s)Wk(s) = W †

j (s)Pj(s)Pk(s)Wk(s) = 0,

Wj(s)W
†
k (s) = Wj(s)Pj(0)Pk(0)W †

k (s) = 0.
(2.56)

Now we set:

U(s) =
m∑
k=1

Wk(s). (2.57)

Then we have:

U †(s)U(s) =
m∑

j,k=0

W †
j (s)Wk(s) =

m∑
k=0

Pk(0) = I (2.58)
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by (2.55), (2.56) and (2.53). Similarly we can show UU † = 1 so that U(s) is a
unitary operator. Next we have by (2.54):

U(s)Pn(0) =
m∑
k=0

Wk(s)Pk(0)Pn(0) = Wn(s). (2.59)

Hence U(s) coincides with Wn(s) when applied to Pn(0), so that U(s) rep-
resents the adiabatic transformation in each subspace Pn(0). This operator
realizes a “rotating frame representation”, in the sense that its action on the
Hilbert space rotates vectors in such a way that the eigenvectors of H(0) are
transformed in the eigenvectors of H(s) for each s ∈ [0, 1].

In conclusion we note without proof that U(s) satisfies the following dif-
ferential equation

U ′(s) = iB(s)U(s), (2.60)

iB(s) =
1

2

m∑
k=0

[P ′n(s), Pn(s)]. (2.61)
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Chapter 3

Suppression of decoherence

In the field of quantum computation, the superposition principle of quantum
mechanics is exploited to obtain algorithms to solve problems which are not
practically feasible on classical computers. However, in order to fully exploit
the possibilities opened up by quantum mechanics, it is of the utmost impor-
tance that the coherent superposition of quantum states is preserved when
applying quantum gates (unitary transformations) to perform algorithms.
The relevant feature of a coherent superposition of quantum states is the fact
that they can interfere with each other. However, when the system interacts
with an environment, it gets entangled with environmental degrees of free-
dom which are not accessible to us. When we trace out this uncontrollable
degrees of freedom, we lose that information and we have a transition from
a quantum superposition of states to a classical mixture of states in which
states cannot interfere anymore.

In the next section I will explain this phenomenon in one of the most fa-
mous experiments of quantum interference: the double slit experiment with
electrons, while in the second section I will present the decoherence with a
more formal approach.

In the third section I will show that if the interaction with the environ-
ment presents some symmetries, it is possible to find subspaces of the whole
Hilbert space where the evolution is decoherence-free.

Finally I will present a technique which can be employed to protect quan-
tum information against decoherence also in the case where such symmetries
are not present in the interaction between the system and the environment.

3.1 Coherence and quantum behaviour

The observation of an interference pattern when using electrons in a double-
slit experiment is a striking confirmation of the quantum-mechanical nature
of these particles. However, if we use a detector to measure which slit the
electrons went through we find that the interference pattern disappears. In
general, if we gain which-path information, we lose phase information (the
possibility of interference). What is more, for a decrease in interference visi-
bility to occur, it is sufficient the existence of some degrees of freedom some-
where in the world that, if they were measured, would allow us to make a
statement about the path of the particle through the slits. We will see now
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that this loss of coherence occurs because of the entanglement between these
degrees of freedom and the state of the system.

Let us denote the quantum states of the electron S corresponding to pas-
sage through slit 1 and 2 by |s1〉 and |s2〉, respectively. Suppose that the par-
ticle interacts with another system E - for example, a detector or an environ-
ment - such that if the quantum state of the particle before the interaction
is |s1〉, then the quantum state of E will become |E1〉 and similarly for |s2〉,
resulting in the final tensor states |s1〉 ⊗ |E1〉 and |s2〉 ⊗ |E2〉 respectively. If
the initial state of the system S is a superposition |ψ〉 = α |s1〉 + β |s2〉 and
is initially unentangled from the environment, which is supposed to be in a
generic state |E〉, the state of the global system is initially given by

|Ψ0〉 = |ψ〉 ⊗ |E〉 = (α |s1〉+ β |s2〉)⊗ |E〉 . (3.1)

After the interaction with the environment (measuring apparatus, in this
case) the final state of the global system will be then

|Ψ〉 = α |s1〉⊗ |E1〉+ β |s2〉⊗ |E2〉 . (3.2)

The statistics of all possible local measurements on S is encoded in the re-
duced density matrix ρS , obtained from the global density matrix ρSE =
|Ψ〉 〈Ψ| through a partial trace over the environment degrees of freedom:

ρS = TrE ρSE

= |α|2 |s1〉 〈s1|+ |β|2 |s2〉 〈s2|+ αβ∗〈E2|E1〉 |s1〉 〈s2|+ βα∗〈E1|E2〉 |s2〉 〈s1| .
(3.3)

The probability distribution of the particle position on a distant detection
screen will be

p(x) = TrS(ρS |x〉 〈x|)
= |α|2|ψ1(x)|2 + |β|2|ψ2(x)|2 + 2 Re{αβ∗ 〈E2 |E1〉ψ1(x)ψ∗2(x)}, (3.4)

where ψi(x) ≡ 〈x|si〉.
The interference contribution to p(x) comes from the last term, therefore

the visibility of the interference pattern is quantified by the overlap 〈E2 |E1〉.
In particular the more distinguishable are the states |E1〉 and |E2〉, the less
visible the interference pattern will be, and for two perfect distinguishable
states 〈E1 |E2〉 = 0 there will be no interference at all. Phase relations have
become locally inaccessible, the coherent superposition is now between the
states |s1〉⊗ |E1〉 and |s2〉⊗ |E2〉 and to retrieve phase information it is re-
quired an appropriate global measurement (acting jointly on S and E).

The description developed so far describes the essence of the decoher-
ence process if we identify the particle S more generally with an arbitrary
quantum system and we substitute the measuring apparatus with the envi-
ronment E interacting with S. Then the decoherence occurs by virtue of the
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following scheme:

|Ψ0〉 =

(∑
k

ck |ϕk〉

)
⊗ |E0〉 −→

evolution
|Ψ(t)〉 =

∑
k

ck |ϕk〉⊗ |Ek(t)〉 (3.5)

The degradation of quantum information contained in a system is there-
fore a consequence of the inevitable coupling of the system with its surround-
ings, causing an information transfer to the inaccessible degrees of freedom
of the environment.

3.2 Formal description of decoherence

In this section I will consider a more rigorous analysis of the decoherence
with a formalism that can be used to describe techniques which allow to
protect quantum information against decoherence.

Let us consider a system S interacting with an environment E. The to-
tal system S + E can be considered as an isolated quantum system (we are
including all the degrees of freedom interacting with S in the environment)
living in the Hilbert space H = HS ⊗HE . The state of this global system
will evolve according to a total Hamiltonian H of the form:

H = HS ⊗ IE + IS ⊗HE +HI , (3.6)

where HS , HE are the free Hamiltonians of the system and the environment,
whileHI is the interaction Hamiltonian, while IS and IE are the identity oper-
ators on HS and HE . Without loss of generality the interaction Hamiltonian
can be written as

HI =
∑
α

Sα ⊗ Eα, (3.7)

where Sα and Eα are, respectively, system and environment operators.
Assuming that in the initial state the system is decoupled from the bath:

ρSE(0) = ρS(0)⊗ ρE(0), (3.8)

the state at time t will be

ρSE(t) = U(t)ρSE(0)U †(t), (3.9)

where U(t) = e−itH .
To obtain the density matrix describing the system alone, we must trace

out the degrees of freedom of the environment:

ρS(t) = TrE[U(t)ρS(0)⊗ ρE(0)U †(t)]. (3.10)
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We can evaluate the partial trace in the basis {|ν〉} of HE which diagonal-
izes the initial environment density operator, ρE(0) =

∑
ν λν |ν〉 〈ν|, obtaining

ρS(t) =
∑
µ

〈µ|U(t)

(
ρS(0)⊗

∑
ν

λν |ν〉 〈ν|

)
U †(t) |µ〉 =

∑
a

Ka(t)ρS(0)Ka(t)
†,

(3.11)
where the “Kraus operators” are given by

Ka =
√
λν 〈µ|U |ν〉 , a ≡ (µ, ν). (3.12)

Kraus operators satisfy the normalization constraint:∑
a

Ka(t)
†Ka(t) = IS, (3.13)

for all t, which follows from the condition Tr ρ(t) = 1.
This expression, known as the Operator Sum Representation, is a formally

exact description but its utility is practically limited from the fact that the cal-
culation of Kraus operators is equivalent to a full diagonalization of the high-
dimensional Hamiltonian H . However, this representation is useful from a
conceptual point of view since it can help us understand how decoherence
occurs. In fact, if we start in a pure state ρS(0) = |ψ〉 〈ψ|, then the evolution
is coherent only if the state at time t is of the form ρS(t) = U(t)ρS(0)U †(t)
with U(t) some unitary operator. If in the operator sum representation there
is only a single Kraus operator, then by virtue of (3.13) this operator will be
unitary. On the contrary, if there are more Kraus operators we can see that the
evolution is not unitary anymore, since an initial pure state ρS(0) = |ψ〉 〈ψ| is
taken to a classical mixture of states:

ρ(t) =
∑
a

Ka(t)ρS(0)Ka(t)
† =

∑
a

Ka(t) |ψ〉 〈ψ|Ka(t)
†. (3.14)

3.3 Decoherence-free subspaces

Although the general evolution of a system interacting with an environment
is not unitary, it could be possible that some symmetries in the interaction
allows us to select some subspaces of the system Hilbert space HS that are
immune to decoherence: in these “decoherence-free subspaces” we would
be able to perform quantum computation without the danger of quantum
information loss.

Definition 3.1. A system with Hilbert space HS is said to have a decoherence-
free subspace K if the evolution inside the subspace K ⊂ HS is purely uni-
tary.

Clearly, then, a sufficient condition for a decoherence-free dynamics is
HI = 0 and the whole Hilbert space HS would be a decoherence-free sub-
space. However, since it is not possible to simply switch off the interaction
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between the system and its environment, in general it is necessary to seek for
some subspaces of HS in order to obtain a decoherence-free evolution. In the
following theorem I show that if we find some states of the system which are
affected in the same way by the interaction with the environment, then they
span a decoherence-free subspace.

Theorem 3.1. Let HS and HE be respectively the Hilbert spaces of a quantum
system S and its environment E. Suppose that the Hamiltonian describing the evo-
lution in the total Hilbert space HS ⊗HE is

H = HS ⊗ IE + IS ⊗HE +HI (3.15)

with
HI =

∑
α

Sα ⊗ Eα (3.16)

where Sα and Eα are respectively system and environment Hermitian operators. Let
K be a subspace of HS invariant under the action of HS and let {|k〉} be a basis of
K. If K is a common eigenspace of the {Sα} operators, i.e. if

Sα |k〉 = cα |k〉 ∀α, k, (3.17)

then K is a decoherence-free subspace.

Proof. Let us denote with HSE = H −HS ⊗ IS = IS ⊗HE + HI . We can note
that

HSE|K⊗HE
= IK ⊗HE +

∑
α

cαIK ⊗ Eα = IK ⊗

[
HE +

∑
α

cαEα

]
= IK ⊗HC ,

(3.18)
which clearly commutes with HS ⊗ I . Then the evolution operator inside
K ⊗HE will be

U(t) = e−itHS ⊗ e−itHC . (3.19)

For any density matrix ρS belonging to K (in the sense that ρS = PKρSPK
where PK is the projection onto K), we have that

ρS(t) = TrE
(
U(t)ρS ⊗ ρEU †(t)

)
= TrE

(
e−itHSρSe

itHS ⊗ e−itHCρEeitHC
)

= Tr
(
e−itHCρEe

itHC
)
e−itHSρSe

itHS = e−itHSρSe
itHS , (3.20)

therefore the evolution of ρS(t) is purely unitary in K.

3.3.1 Example: collective dephasing

We can consider a simple example which clarifies the functioning of a decoherence-
free subspace. Let us consider a system made up of N qubits each undergo-
ing a dephasing process due to its coupling to the environment. We suppose
that all the qubits are coupled to the environment in the same way, so that the
dephasing affects all the qubits in the same way. Namely, qubit j undergoes
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the transformation:

|0〉j → |0〉j , |1〉j −→ eiφ |1〉j , (3.21)

which puts a random phase φ between the states |0〉 and |1〉 (eigenstates of
σz). Note that the phase is random but it is the same for all the qubits. We
can describe this decohering process for the qubit j with the matrix Rz(φ) =
diag(1, eiφ) acting on the basis {|0〉 , |1〉}. The dephasing process will take
the generic state |ψ〉j = a |0〉j + b |1〉j to the state Rz(φ) |ψ〉j with a certain
probability p(φ). The state which represents qubit j is obtained averaging
over all the possible phases with the probability density p(φ):

ρj =

∫ ∞
−∞

dφ p(φ)Rz(φ) |ψ〉j 〈ψ|R
†
z(φ). (3.22)

For a Gaussian distribution,

p(φ) =

(
1

4πα

)1/2

e−
φ2

4α , (3.23)

it is simple to check that

ρj =

(
|a|2 ab∗e−α

a∗be−α |b|2
)

(3.24)

The decoherence is thus evident by the decay of the off diagonal elements in
the computational basis.

Let us now consider what happens in the two-qubit Hilbert space. The
four basis states undergo the transformations:

|0〉1 ⊗ |0〉2 −→ |0〉1 ⊗ |0〉2 , (3.25)

|0〉1 ⊗ |1〉2 −→ eiφ |0〉1 ⊗ |1〉2 , (3.26)

|1〉1 ⊗ |0〉2 −→ eiφ |1〉1 ⊗ |0〉2 , (3.27)

|1〉1 ⊗ |1〉2 −→ e2iφ |1〉1 ⊗ |1〉2 . (3.28)
(3.29)

The basis states |0〉1⊗|1〉2 and |1〉1⊗|0〉2 acquire the same phase. If we define
the encoded logical states |0L〉 = |0〉1⊗|1〉2 and |1L〉 = |1〉1⊗|0〉2, we can store
quantum information in the state |ψL〉 = a |0L〉+ b |1L〉, which evolves under
the dephasing process as:

|ψL〉 −→ aeiφ |0〉1 ⊗ |1〉2 + beiφ |1〉1 |0〉2 = eiφ |ψL〉 . (3.30)

which is the same state except for an irrelevant overall phase. This means that
we can encode quantum information in the 2-dimensional subspace Span{|0〉1⊗
|1〉2 , |1〉1 ⊗ |0〉2} without worrying about decoherence affecting single qubits
of the system.
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3.4 Dynamical decoupling

We have seen in the last section that the effectiveness of decoherence-free
subspaces relies on some symmetries naturally available, namely the fact that
some states of the system are affected in the same way by the interaction with
the environment. However, such symmetries might not always be present in
a generic system-environment interaction and in these cases we must recur to
an active intervention on the system in order to protect quantum information
against decoherence.

Dynamical decoupling is a set of techniques employing fast, strong pulses
applied to the system in order to cancel unwanted effects deriving from the
interaction with the environment. The idea behind the method consists in the
fact that all relaxation processes do not take place instantaneously: we can
combat decoherence if we induce motions into the system which are faster
than the shortest time scale accessible to the environment degrees of freedom.

3.4.1 Ideal pulse

Let us consider a single qubit with the interaction Hamiltonian

HI = σz ⊗ Ez, (3.31)

where σz is the third Pauli operator while Ez is some (Hermitian) operator
acting on HE . Let us consider the time dependent system Hamiltonian

HS = f(t)σx, (3.32)

where we assume that f(t) is a field which can be controlled with high pre-
cision. Assume that we let the system evolve for a short period of time τ
according to its own Hamiltonian, then we turn on the field applying a pulse
of strength λ and duration δ (see figure 3.1) such that

δλ =
π

2
. (3.33)

In the ideal case of an instantaneous full-power pulse, δ → 0 and λ → ∞,
while δλ = π

2
, we can neglect the interaction HI during each pulse. Such

impulsive, full-power control operations are called “bang-bang controls” in
literature. For simplicity, we assume that HE = 0 (we will drop this assump-
tion later). The evolution of the system between two successive pulses will
be governed by

Uτ = e−iτHI , (3.34)

while the variation in the global state induced by each pulse is given by

X = e−iδλσx ⊗ IE = e−i
π
2
σx ⊗ IE = −iσx ⊗ IE = −iσx (3.35)

(the identity operator on the environment will be omitted for simplicity from
now on).
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δτ
λ

τ δ

t

f(t)

FIGURE 3.1: Time profile of pulses applied to the system

Then the joint system-environment evolution operator at time t = 2τ is
(dropping the overall phase):

XUτXUτ = σxe
−iτHIσxe

−iτHI = e−iτσxHIσxe−iτHI , (3.36)

where in the last equality we have used the fact that for any unitary V and
for any operator A we have

V eAV † = eV AV
†
. (3.37)

On the other hand, from the algebra relations of Pauli matrices

σjσk = δjkI + iεjklσl, (3.38)

it follows that our pulses flip the sign of HI :

σxHIσx = σxσzσx ⊗ Ez = −σz ⊗ Ez = −HI (3.39)

This means that by virtue of our operations performed on the system alone,
the evolution induced by HI has been efficiently time-reversed, and the state
of the system at time t = 2τ is determined by

XUτXUτ = eiτHIe−iτHI = I. (3.40)

We see therefore that at the instant t = 2τ the system have been completely
decoupled from the environment. Repeating this procedure would enable us
to decouple the state of the system from the environment once every 2τ .
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3.4.2 Real pulse

Unfortunately, we cannot realize ideal pulses in real world, since real pulses
have a finite, non vanishing duration δ which cannot be taken arbitrarily
small. This means that during the application of a pulse we cannot neglect
the contribution of HI to the evolution, and we must consider:

X = e−iδ(λσx+HI), (3.41)

where we are still assuming that HE = 0. The real pulse approximates the
ideal pulse when λ� ‖HI‖, where the operator norm is defined as the largest
singular value:

‖A‖ = sup
|ψ〉

‖A |ψ〉‖
‖|ψ〉‖

= sup
|ψ〉

√
〈ψ |A†A |ψ〉
〈ψ |ψ〉

. (3.42)

In order to evaluate the error of approximating the real pulse with the ideal
case, we first observe that in the ε→ 0 limit we have

eε(A+B) = eεAeεB +
ε2

2
[B,A] +O(ε3), (3.43)

as can be shown by Taylor expanding the exponential (see chapter 5). There-
fore, for δ finite we have

X = e−iδλσxe−iδHI +
δ2λ

2
[HI , σx] +O(δ3λ) (3.44)

= −iσxe−iδHI + δ
π

4
[HI , σx] +O(δ2) (3.45)

= −iσxe−iδHI +O(δ ‖HI‖), (3.46)

where we used the fact that

‖δ[HI , σx]‖ 6 2δ ‖HIσx‖ 6 2δ ‖HI‖ ‖σx‖ = 2δ ‖HI‖ . (3.47)

Thus the evolution after two pulses is given by (again, dropping the over-
all irrelevant phase):

XUτXUτ = σxe
−iδHIe−iτHIσxe

−iδHIe−iτHI +O(δ ‖HI‖) (3.48)

= e−i(δ+τ)σxHIσxe−i(δ+τ)HI +O(δ ‖HI‖) (3.49)
= I +O(δ ‖HI‖). (3.50)

Therefore the finite duration δ of any real pulse induces an error of order
δ ‖HI‖ and if we want to make it negligible we must consider pulses with
duration δ such that

δ � 1

‖HI‖
. (3.51)
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We have obtained the previous results assuming that HE = 0. This assump-
tion might seem innocuous since the operator HE acts on the environment
only, but it is not irrelevant at all: we will see now that if we take HE 6= 0
we get a further, essential condition on the time τ between successive pulses.
In this case the evolution during a pulse and between successive pulses is
determined by:

X = e−iδ(λσx+HI+HE) (3.52)

and
Uτ = e−iτ(HI+HE). (3.53)

Noting that
σx(HI +HB)σx = −HI +HB, (3.54)

The evolution at time t = 2(τ + δ) will be given by

XUτXUτ = e−i(τ+δ)(−HI+HE)e−i(τ+δ)(HI+HE) +O (δ ‖HE +HI‖) (3.55)

Using again the expression (3.43) (with A = HE −HI and B = HE +HI) and
the fact that

1

2
‖[HE −HI , HE +HI ]‖ ≤ ‖HE −HI‖ ‖HE +HI‖ 6 (‖HE‖+ ‖HI‖)2 (3.56)

we get

XUτXUτ = IS⊗e−2iτHE +O
[
(τ + δ)2 (‖HI‖+ ‖HE‖)2

]
+O [δ (‖HI‖+ ‖HE‖)] .

(3.57)
If the pulses are very narrow, i.e. δ � τ , the smallness conditions become:

δ � τ � 1

‖HI‖+ ‖HE‖
. (3.58)

We can interpret this result recalling that the norm operator represents the
largest singular value of the operator. Therefore ‖HI +HE‖ represents the
largest energy scale which characterizes the environment, then its reciprocal
(which is larger than the right hand-side of equation (3.58)) will represent the
smallest time scale which characterizes the motions in the environment. Thus
our decoupling method is efficient only if motions induced in the system are
fastest than the smallest time scale which characterizes the environment.

It is important to stress that this calculations have been performed as-
suming that all the operators have finite norms. This is not always true: for
example, in the spin-boson model where a two state system is coupled with
a bath of photons, the Hamiltonian of the bath is not a bounded operator. In
such cases we must replace norms with correlation functions, which remain
finite even when operator norms diverge.

3.4.3 Decoupling single qubit general decoherence

We have considered a particular type of decohering interaction, where the
only one “error operator” was σz. The most general coupling of a qubit with
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a bath is given by
HI =

∑
α=x,y,z

σα ⊗ Eα. (3.59)

We cannot consider the same decoupling procedure we used before, since in
this case

σxHIσx = σx ⊗ Ex − σy ⊗ Ey − σz ⊗ Ez, (3.60)

thus we are not able to reverse all the terms of the Hamiltonian and with the
previous 2τ duration cycle the evolution operator including the pulses is

U ′2τ = XUτXUτ = e−i2τ(σx⊗Ex+HE) +O(τ 2). (3.61)

If we want to remove the remaining interaction term we must follow a stro-
boscopic approach, which is, we must apply another pulse between 2τ cycles
in order to decouple the σx ⊗ Ex contribution of the interaction. In this case
the pulse must be generated by a control field HS = g(t)σy. In this case we
have

U ′′4τ = Y U ′2τY U
′
2τ

= Y XUτXUτY XUτXUτ

= ZUτXUτZUτXUτ . (3.62)

Performing analogous calculations as before we obtain

U ′′4τ = IS ⊗ e−4iτHE +O(τ 2), (3.63)

so that the system is decoupled from the environment once every 4τ .
Since we have considered the most general interaction between the qubit

and the environment, this decoupling procedure is universal and does not
require any knowledge on the particular form of HI . We can note that the
decoupling sequence can be written as

ZUτXUτZUτXUτ = (ZUτZ)(Y UτY )(XUτX)(IUτI), (3.64)

where we can see that we are “cycling” over a group of unitaries formed
by the elements {I,X, Y, Z}. This structure of dynamical decoupling can
be generalized to a generic system (not necessarily a single qubit). If G =
{g0, g1, . . . g|G|−1} (with g0 = I) is the group of possible unitary transforma-
tions which can be implemented in the bang-bang control, the decoupling
procedure consists in the application of pulses gjgj−1 with j = 1, . . . , |G|,
the time between two successive pulses being τ and a total cycle time of
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Tc = |G|τ . The resulting dynamics is determined by the evolution operator:

U(Tc) =

|G|−1∏
k=0

gkUτgk−1

=

|G|−1∏
k=0

exp
[
−iτ

(
g†kHIgk−1 +HB

)]

= exp

−iτ
|G−1|∑

k=0

g†kHIgk−1 + |G|HB

+O(τ 2)

= e−iTc(HI+HB) +O(τ 2), (3.65)

where we have defined:

HI =
1

|G|

|G|−1∑
k=0

g†kHIgk−1. (3.66)

Thus, at the first order the effect of the pulses applied to the system is the
substitution of HI with an “average” over the group of pulses G. Note that
we can interpret each term in the sum as the rotated frame representation of
the Hamiltonian interaction: we are rotating the frame at each pulse and if
this rotations are chosen suitably and happen fast enough, we can eliminate
unwanted interactions. The general decoupling technique consists therefore
in using a group of unitary transformations such that HI = 0.

In chapter 4 we will see a decoupling method employing a bang-bang
evolution from the point of view of the quantum Zeno effect.
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Chapter 4

Quantum Zeno Dynamics

We have seen in chapter 3 that if we want to perform quantum computation,
we should first prevent the loss of quantum information from our system
caused by its interaction with the environment. We have seen that this inter-
action generates an evolution that in general will lead the system to lose its
coherence. In the task of preventing this decohering evolution, the quantum
Zeno effect can be very helpful.

According to its simplest formulation, the quantum Zeno effect consists
in the freezing of the state of a quantum system due to very frequent mea-
surements aimed at ascertaining whether the system is still in its initial state.
Therefore if we prepare a given quantum state, we can preserve the informa-
tion stored in that state by measuring the quantum system to see if it is still in
that state. In this sense we have constructed a one-dimensional decoherence-
free subspace. Obviously, such subspace is trivial and it would not be helpful
if one wants to perform quantum computation.

Fortunately, in its broader formulation quantum Zeno effect does not nec-
essarily freeze everything. In contrast, for frequent projection onto a multi-
dimensional subspace, the system can evolve away from its initial state, al-
tough it remains in the subspace defined by the measurement.

This “measurement formulation” of the quantum Zeno effect is not the
only one: in the second section of this chapter I will present an alternative
strategy which can be employed to obtain quantum Zeno dynamics, based on
a continuous coupling with an external potential, while in the third section
I will show that a bang-bang decoupling technique can be seen as a third
formulation of quantum Zeno dynamics. In the last section I will show that
this two formulation are indeed equivalent.

4.1 Pulsed measurements

4.1.1 One-dimensional case

Let H be the Hamiltonian of a quantum system and |ψ0〉 its initial state at
t = 0. The survival probability in state |ψ0〉 at a subsequent time t is

p(t) = |A(t)|2 =
∣∣〈ψ0

∣∣ e−itH ∣∣ψ0

〉∣∣2 (4.1)
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and a short-time expansion yields a quadratic behaviour:

p(t) ∼ 1− t2

τ 2Z
, τ−2Z ≡ 〈ψ0|H2|ψ0〉 − 〈ψ0|H|ψ0〉2 , (4.2)

where the Zeno time τZ gives a quantitative estimate of the concavity of the
short-time quadratic behaviour. Now suppose that N instantaneous mea-
surements are performed at time intervals τ = t/N in order to check whether
the system is still in the state |ψ0〉. If every time the measurement has a pos-
itive outcome, according to the von Neumann projective formulation of the
measurement process, the state “collapses” and the evolution starts anew
from |ψ0〉. In this case the survival probability after the N measurements
reads:

p(N)(t) = p(τ)N ∼
N large

[
1−

(
t

τZN

)2
]N
∼ e−t

2/τ2ZN −→
N→∞

1. (4.3)

In the mathematical limit the evolution is completely hindered. Physically,
if the system starts in the state |ψ0〉, it will remain in this state as long as we
perform sufficiently frequent measurements to ascertain that the system is
still in that state.

The extent of the initial quadratic region, which in general is a consid-
erable fraction of τZ , is fundamental since it determines how frequently we
must do the measurement in order to obtain the freezing of the evolution: the
evolution is hindered only if the period between two measurements is small
compared with that extent, otherwise we may risk to have the opposite ef-
fect, which is a more rapid decay for the survival probability. Therefore we
can say that if we are willing to freeze the state of a system, the size of the
quadratic region tells us how much “apprehensive" we must be to check if
the state is actually the desired one.

4.1.2 Multi-dimensional case

In the previous section I showed the emergence of the quantum Zeno effect
with a simple argument involving a particular kind of measurement: it was
one-dimensional since it was aimed at ascertaining if the system is still in
its initial state, which constitutes a one-dimensional subspace of the Hilbert
space, and it was a selective measurement because we considered only the
case where in each measurement we find that the system indeed remains in
its initial state. Now we will consider a broader formulation for the measure-
ment taking into account the fact that general measurements are:

• “incomplete”, in the sense that some outcomes may be lumped together
(in this sense the information gained on the measured observable is
incomplete): in this case we are monitoring the system to check if it is
still in a given multidimensional subspace HP = PH , with TrP > 1
(this means that the projection P is multidimensional);
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• “non selective”, in the sense that the measuring apparatus does not se-
lect the different outcomes: it retains all the possible outcomes but de-
stroys the phase correlations between some states, provoking the tran-
sition from a pure state to a mixture.

An incomplete non-selective measurement will be therefore represented by
several subspaces which define the different possible outcomes and immedi-
ately after the measurement the system can be in one and only one of these
subspaces with a certain probability, but we know for sure that it cannot be in
any superposition between states of different subspaces: in this sense phase
correlations between some states are destroyed by this kind of measurement.
For this reason, the most convenient description of the state of the system in
this situation is through a density matrix ρ.

In order to proceed gradually, we can first discuss the case of an incom-
plete measurement in which we focus only on a single measured subspace,
and then briefly describe the general treatment of a non-selective measure-
ment. Denoting by P the projection onto the subspace we are measuring, let
us consider an initial density matrix ρ0 belonging to HP = PH , in the sense
that

ρ0 = Pρ0P, Tr[ρ0P ] = 1. (4.4)

The state at time τ will be determined by the free evolution generated by the
Hamiltonian H of the system:

ρ(τ) = U(τ)ρ0U
†(τ), (4.5)

where U(t) = e−itH . If we measure P we will obtain a positive outcome with
probability p(τ) = Tr[ρ(τ)P ] and in this case the state will change, up to a
normalization constant p(τ), into:

ρ(τ)→ Pρ(τ)P = PU(τ)ρ0U
†(τ)P = V (τ)ρ0V

†(τ), (4.6)

with:
V (τ) ≡ PU(τ)P, (4.7)

and the survival probability in HP reads:

p(τ) = Tr
[
V (τ)ρ0V

†(τ)
]
. (4.8)

However, if [P,H] 6= 0, the Hamiltonian H induces transitions out of HP into
H ⊥

P = HQ = QH , whereQ is the complementary projection of P : P+Q = I .
This means that in general p(τ) < 1 and there is a probability q(τ) = 1− p(τ)
that the system has made a transition out of HP : in this case its state will
change, up to a normalization q(τ), into:

ρ(τ)→ Qρ(τ)Q = QU(τ)ρ0U
†(τ)Q = VPQ(τ)ρ0V

†
PQ(τ), (4.9)

where:
VPQ(τ) ≡ QU(τ)P. (4.10)
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The final state after the measurement is therefore a block diagonal matrix:

ρ0 −→
unitary

U(τ)ρ0U
†(τ) −→

measurement

(
V (τ)ρ0V

†(τ) 0

0 VPQ(τ)ρ0V
†
PQ(τ)

)
(4.11)

The density matrix is reduced to a mixture and we can see here what was
stated before: the off diagonal elements of this density matrix are vanishing
and any possibility of interference between the states in HP and states in HQ

is destroyed.
We shall henceforth concentrate our attention only on the measurement

which finds the system in HP and turn to multidimensional Zeno effect. The
state of the system after a (succesful) series of P -observations at time inter-
vals τ = t/N is:

ρ(N)(t) =
VN(t)ρ0V

†
N(t)

p(N)(t)
, (4.12)

with:
VN(t) ≡ [PU(t/N)P ]N , p(N)(t) = Tr

[
VN(t)ρ0V

†
N(t)

]
(4.13)

We have to study the limit:

UZ(t) ≡ lim
N→∞

VN(t) (4.14)

In order to compute this limit, we first expand the exponential:

VN(t) =

[
P

(
I − i t

N
H +O

(
1

N2

))
P

]N
(4.15)

= P

[
I − i t

N
PHP +O

(
1

N2

)]N
. (4.16)

Then we note that for any operator A:[
I +

A

N
+ o

(
1

N

)]N
=

N∑
k=0

Ak

k!
+ o(1) −→

N→∞
eA, (4.17)

which substituted in equation (4.15) yields:

UZ(t) = lim
N→∞

VN(t) = Pe−itPHP . (4.18)

The dynamics is governed by the Zeno Hamiltonian HZ = PHP and the evo-
lution is unitary in HP . We shall write

UZ(t) = Pe−itHZ (4.19)

and speak of quantum Zeno dynamics in the quantum Zeno subspace HP .
The final state is:

ρ(t) = lim
N→∞

ρ(N)(t) = UZ(t)ρ0U
†
Z(t), (4.20)



Chapter 4. Quantum Zeno Dynamics 33

and the probability to find the system in HP is:

lim
N→∞

p(N)(t) = Tr
[
UZ(t)ρ0U

†
Z(t)

]
= Tr[ρ0P ] = 1. (4.21)

This is the multidimensional QZE. If the system is constantly checked for
whether it has remained in HP , it never makes a transition to H ⊥

P .
Finally, in order to describe the evolution in the whole Hilbert space, we

consider the most general case where we do not select the outcomes of the
measurement and we start with a density matrix not necessarily belonging
to one of the subspaces defined by the measurement.

Let {Pk}k=1,...,m be the projections defining the relevant subspaces Hk =
PkH of the measurement. They will be an orthogonal resolution of the iden-
tity:

PjPk = δjkPk,
m∑
k=1

Pk = I. (4.22)

The Hilbert space will then be partitioned in the following way:

H =
m⊕
k=1

Hk. (4.23)

The nonselective measurement is described by the superoperator

P̂ ρ =
m∑
k=1

PkρPk, (4.24)

while the free evolution of the density matrix, according to the Hamiltonian
H describing the system, is given by the superoperator

Ûtρ = U(t)ρU †(t), (4.25)

where U(t) = e−itH . Then the evolution after N measurements in a time t is
governed by the superoperator:

V̂
(N)
t = (P̂ Ût/N) · · · (P̂ Ût/N)︸ ︷︷ ︸

N times

. (4.26)

The evolution reads:

ρ(t) = V̂
(N)
t ρ0 =

∑
k1,...,kN

V
(N)
k1,...,kN

(t)ρ0V
(N)†
k1,...,kN

(t), (4.27)

where
V

(N)
k1,...,kN

(t) = PkNU(t/N)PkN−1
· · ·Pk2U(t/N)Pk1 . (4.28)

In our finite dimensional setting it can be easily shown that

lim
N→∞

V
(N)
k···j···(t) = 0, for j 6= k, (4.29)
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and that
U

(k)
Z (t) = lim

N→∞
[PkU(t/N)Pk]

N = Pke
−itPkHPk . (4.30)

Then, in the N → ∞ limit the evolution of the system tends toward a “Zeno
dynamics" described by the following superoperator:

ÛZ(t)ρ0 =
m∑
k=1

Pke
−itHZρ0e

itHZPk, (4.31)

where

HZ = P̂H =
m∑
k=1

PkHPk (4.32)

is the Zeno Hamiltonian. This Hamiltonian determines a partition of the to-
tal Hilbert space H in “quantum Zeno subspaces" Hk = PkH , such that
transitions between different subspaces are avoided, while in each of these
subspaces there is a coherent evolution of the state of the system. The evolu-
tion generated by this Hamiltonian is called “quantum Zeno dynamics".

We can understand now the importance of the quantum Zeno effect for
our purposes: if H describes a system and its environment, we can construct
quantum Zeno subspaces by canceling out unwanted interactions which would
bring the system toward the decoherence. In this case the quantum Zeno
subspaces become decoherence-free subspaces in which the information is
protected from decoherence.

4.2 Strong continuous coupling

It is possible to cast the quantum Zeno effect in terms of a strong continu-
ous coupling formulation, in which the Zeno dynamics arises from a strong
coupling of the system with an external potential.

The equivalence between the two formulations can be understood con-
sidering the von Neumann [18] description of the measurement process: in
order to gain information on the system of interest, we must couple it to an
auxiliary degree of freedom, a probe, and then detecting some property of the
latter using a measuring device. We can imagine that whatever happens in
the measurement process, it will be a mere consequence of the coupling, re-
gardless the fact that we actually detect the probe with a measuring device.
Following this scheme, we can conjecture that it would be possible to obtain
a quantum Zeno effect as a consequence of the coupling with an external sys-
tem. The limit of very frequent measurements would correspond in this case
to a very strong coupling.

In order to make this considerations more formal, let us consider the evo-
lution of a system and its environment generated by a time independent
Hamiltonian H . We couple the system with a “control potential” V having
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the following spectral decomposition:

V =
m∑
µ=1

λµPµ. (4.33)

The evolution operator describing the system and its environment will then
satisfy the Schrödinger equation

i
d

dt
UK(t) = (H +KV )UK(t), (4.34)

where the dependence of the evolution operator on the coupling constant
has been written explicitly. The solution to this equation corresponding to
the initial condition U(0) = I is given by

UK(t) = e−it(H+KV ). (4.35)

We will show in the following theorem that in the strong coupling limit the
Hilbert space is partitioned in quantum Zeno subspaces characterized by
dynamical superselection rules and the evolution tends toward a quantum
Zeno dynamics, represented by the evolution operator:

UZ(t) = e−itHZ , (4.36)

where

HZ ≡
m∑
µ=1

PµHPµ (4.37)

is determined by the spectral decomposition of the control potential V .

Remark 4.1. For K sufficiently large, the contribution of H to the evolution
operator UK(t) will become negligible compared to that of V . This operator
is characterized by wild oscillations in the limit K → ∞ and for this reason
it cannot converge. If we want to consider an operator which can have some
chances to converge, we must take eitKVUK(t). Once we have shown that this
operator converges to UZ(t), this detail becomes irrelevant from a physical
point of view, since for K large but finite we will have:

UK(t) ∼ e−itKVUZ(t) = exp

[
−it

m∑
µ=1

(KλµPµ + PµHPµ)

]
(4.38)

and the factor we added to guarantee the convergence becomes a non-influential
phase factor.

Theorem 4.1. Let H and V be two Hermitian operators acting on a finite dimen-
sional Hilbert space H . Suppose that V has the following spectral decomposition:

V =
m∑
µ=1

λµPµ. (4.39)
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where {Pµ} is a complete system of orthogonal projections, i.e. satisfying the follow-
ing relations:

PµPν = δµ,νPν ,
∑
µ

Pµ = I, P †µ = Pµ. (4.40)

Then, in the K →∞ limit, we have that

eitKV e−it(H+KV ) = e−itHZ +O
(

1

K

)
, (4.41)

where

HZ ≡
m∑
µ=1

PµHPµ. (4.42)

Proof. Let us consider the operator UK(t) = e−it(H+KV ) in the interaction pic-
ture defined by

U I
K(t) = eitHUK(t). (4.43)

This operator satisfies the Schrödinger equation

i
d

dt
U I
K(t) = KV I(t)U I

K(t), (4.44)

where V I(t) = eitHV e−itH is the control potential in the interaction picture
characterized by the eigenprojections Pµ(t) = eitHPµe

−itH :

V I(t)Pµ(t) = eitHV e−itHeitHPµe
−itH = λµPµ(t). (4.45)

Observe that

d

dt
Pµ(t) = iHeitHPµe

−itH − iHeitHPµe−itH = i[H,Pµ(t)]. (4.46)

We obtained thus an equation in the interaction picture which has the same
form of the equation studied in the adiabatic theorem ??. Here the coupling
constant plays the role of the parameter T of the adiabatic evolution and the
strong coupling limit correspond to the adiabatic limit. Using the result of
the adiabatic theorem we obtain the following equation:[

U I
K(t)− e−iK

∫ t
0 dsλµU(t)

]
Pµ(0) = O

(
1

K

)
, (4.47)

where the operator U(t) will be the adiabatic transformation defined in sec-
tion 2.2 as the solution of the equation

d

dt
U(t) = iA(t)U(t) (4.48)
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corresponding to the initial condition U(0) = I , with the generatorA(t) given
by

A(t) = −i
[

d

dt
Pµ(t), Pµ(t)

]
= [[H,Pµ(t)] , Pµ(t)] = eitH [[H,Pµ], Pµ]e−itH .

(4.49)
We have found that the generator A(t) can be seen as the operator A =
[[H,Pµ], Pµ] evolved in the interaction picture defined by the hamiltonian H .
In other words, we can define the unitary operator U(t) such that U(t) repre-
sents the corresponding interaction picture evolution operator

U(t) = eitHU(t), (4.50)

with U(t) satisfying the Schrödinger equation

i
d

dt
U(t) = (H − A)U(t) (4.51)

with the initial condition U(t) = I . This is a Schrödinger equation with a time
independent Hamiltonian H − A, whose solution is well known

U(t) = e−it(H−A). (4.52)

Substituting this result into equation (4.50) we obtain the explicit expression
of the adiabatic evolution:

U(t) = eitHe−it(H−A). (4.53)

Using this expression of U(t) into equation (4.47), we obtain

(
eitHe−it(H+KV ) − e−itKλµeitHe−it(H−A)

)
Pµ(0) = O

(
1

K

)
. (4.54)

It remains to evaluate explicitly H − A,

H − A = H − [[H,Pµ], Pµ] = H − [HPµ − PµH,Pµ]

= H − (HPµ − PµHPµ − PµHPµ + PµH)

= H − [(I − Pµ)HPµ + PµH(I − Pµ)]

= PµHPµ + (I − Pµ)H(I − Pµ), (4.55)

so that substituting in the preceding expression we obtain

(
e−it(H+KV ) − e−itKλµe−itPµHPµ

)
Pµ = O

(
1

K

)
, (4.56)

where we have taken into account the fact that Pµ(0) = Pµ and that

e−it[PµHPµ+(I−Pµ)H(I−Pµ)]Pµ = e−itPµHPµPµ. (4.57)
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H

|ψ(t0)〉

H1
H2 H3

H4
H5

H6

FIGURE 4.1: A pictorial representation of the partitioning of the
Hilbert space H in quantum Zeno subspaces Hk = PkH . If
the system is in a given Zeno subspace at the initial time t0, it
will evolve coherently in this subspace and never make a tran-

sition to the other subspaces.

Summing over µ = 1, . . . , N , using the completeness relation
∑

µ Pµ = I , and
the fact that

m∑
µ=1

e−itPµHPµPµ =
m∑
µ=1

∞∑
k=0

(−itPµHPµ)k

k!
Pµ (4.58)

=
∞∑
k=0

m∑
µ=1

(−itPµHPµ)k

k!
Pµ (4.59)

=
∞∑
k=0

1

k!

(
−it

m∑
µ=1

PµHPµ

)k

(4.60)

= e−itHZ , (4.61)

we finally obtain

eitKV e−it(H+KV ) − e−itHZ = O
(

1

K

)
, (4.62)

which completes the proof.

We can understand the partitioning of the Hilbert space and the emer-
gence of the superselection rules from the very structure of the evolution
operator UZ(t), since by virtue of the properties of the eigenprojections Pµ of
the control potential V we have that

UZ(t) = exp

(
−it

m∑
µ=1

PµHPµ

)
=

m∑
µ=1

e−itPµHPµPµ, (4.63)
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therefore each unitary e−itPµHPµ acts on his Zeno subspace Hµ = PµH inde-
pendently.

4.2.1 Example: Four-level system

We can show the emergence of the dynamical superselection rules with a
simple model of a 4-level system “living ” in H = C4. Let us suppose that the
Hamiltonian H associated with the system induces Rabi transitions between
the four states:

|1〉 = (1, 0, 0, 0), |2〉 = (0, 1, 0, 0), |3〉 = (0, 0, 1, 0), |4〉 = (0, 0, 0, 1),
(4.64)

in the following way:

H =
3∑

k=1

Ωk(|k〉 〈k + 1|+ |k + 1〉 〈k|) =


0 Ω1 0 0

Ω1 0 Ω2 0
0 Ω2 0 Ω3

0 0 Ω3 0

 . (4.65)

If the system is in the state |1〉 at time t = 0, the probability to find the system
in the state |k〉 after a time interval t will then be given by:

P1→k(t) =
∣∣〈k ∣∣ e−itH ∣∣ 1〉∣∣2. (4.66)

The behaviour of these transition probabilities is shown in Figure 4.2(a).
Suppose now that we want to decouple |1〉 and |2〉 from |3〉 and |4〉, in such

a way that if the system starts in the subspace Span{|1〉 , |2〉} it remains there
during its evolution. In order to do this, we can make use of an additional
potential KV which strongly couples the states |3〉 and |4〉:

KV = K(|3〉 〈4|+ |4〉 〈3|) =


0 0 0 0
0 0 0 0
0 0 0 K
0 0 K 0

 . (4.67)

This coupling potential has the following eigenprojections:

P1 = |1〉 〈1|+ |2〉 〈2| , P± =
1

2
(|3〉 ± |4〉) (〈3| ± 〈4|) . (4.68)

Then, using the result shown in the last section, we can say that in the
limit K →∞ the dynamics is governed by the Zeno Hamiltonian

HZ = P1HP1 + P+HP+ + P−HP− =


0 Ω1 0 0

Ω1 0 0 0
0 0 0 Ω3

0 0 Ω3 0

 , (4.69)
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(a) K = 0

(b) K = 100 Ω1

FIGURE 4.2: Transition probabilities P1→k with Ω1 = Ω2 = Ω3

without control potential (a) and with the control potential
turned on (b).

which gives the following Zeno subspaces:

HP1 = Span{|1〉 , |2〉}, HP+ = Span{|3〉+ |4〉}, HP− = Span{|3〉 − |4〉}.
(4.70)

The situation is pictorially represented in Figure 4.3.
The transition probabilities P1→k(t) are plotted in Figure 4.2(b). We can

see oscillations between states |1〉 and |2〉 which belong to the same Zeno
subspace, but the probability of a transition towards the states |3〉 and |4〉 is
always vanishing since they do not belong to the initial Zeno subspace.

The structure of the Hamiltonian considered in this example is similar to
the one considered in an experimental realization of quantum Zeno dynam-
ics [13].
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|4〉

|3〉

|2〉

|1〉
Ω1

Ω2

Ω3 K

−→
K→∞

|4〉

|3〉

|2〉

|1〉
Ω1

Ω2

Ω3 K

HP1

FIGURE 4.3: Pictorial representation of the effect of the strong
coupling between states |3〉 and |4〉. The other two Zeno sub-
spaces have not been highlighted in the figure since they are

made of linear combinations of states |3〉 and |4〉.

4.3 Kicked evolution

In chapter 3 we have seen that dynamical decoupling techniques are based
on the application of fast, strong pulses to the system which cancel out the
decohering effects of the interaction with the environment. In this section I
will show that this kind of “kicked evolution” can be seen as a third formu-
lation of the quantum Zeno effect, giving rise to the same type of quantum
Zeno dynamics seen in the previous sections.

Let us consider the evolution of a quantum system for a fixed time in-
terval t. In order to control this evolution, we can “kick” the system n times
with a finite unitary operator Ukick, the time between the kicks being t/n. This
kicked evolution over the time interval (0, t) is described by the following
unitary operator:

Un(t) =
(
Ukicke

−i t
n
H
)n
, (4.71)

where H is the Hamiltonian describing the system we want to control, its
environment and their interaction.

0

1

e−iH
t
n

2

e−iH
t
n

n

e−H
t
n

t

Ukick Ukick Ukick Ukick

Since Ukick is a unitary operator, its eigenvalues are located on the unit circle
in the complex plane, then we can write its spectral decomposition in the
following way:

Ukick =
m∑
µ=1

e−iλµPµ, (4.72)
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with λµ ∈ R and λµ 6= λν (mod 2π) for µ 6= ν: we have therefore m dis-
tinct eigenvalues (as usual, degenerate eigenvalues will correspond to a sin-
gle multidimensional projection).

We want now to prove that as the kicks become more frequent, the dy-
namical evolution described by Un(t) tends towards a Quantum Zeno dy-
namics with the Zeno Hamiltonian HZ defined by the eigenprojections of the
unitary kick.

Theorem 4.2. Let H be a Hermitian operator and Ukick be a unitary operator having
the spectral decomposition (4.72) in a finite dimensional Hilbert space H . Suppose
that the eigenvalues of Ukick satisfy the “resonance condition”:

λµ ∈ 2πQ, ∀µ = 1, . . . ,m. (4.73)

Then the sequence of unitary operators:

Un(t) ≡ U †nkick

(
Ukicke

−i t
n
H
)n
, (4.74)

has the following limit:
lim
n→∞

Un(t) = e−itHZ , (4.75)

where the Zeno Hamiltonian HZ is given by:

HZ =
N∑
µ=1

PµHPµ. (4.76)

More precisely, in the limit n→∞ we have that

Un(t) = e−itHZ +O
(

1

n

)
. (4.77)

Remark 4.2. Clearly, the evolution operator Un(t) fails to converge in general,
due to the dominant contribution coming from Un

kick. We therefore had to de-
fine the operator Un(t) ≡ U †nkickUn(t) in order to obtain a convergent sequence.

Proof. The resonance condition λµ ∈ 2πQ implies that there exists an integer
N ∈ N such that UN

kick = I . Thus, for every n ∈ N we can write n = qnN + rn,
with rn < N and U †nkick = U †Nqnkick U †rnkick = U rn

kick. We can therefore write the
difference between Un(t) and its limit in the following way:

U †nkick

(
Ukicke

−i t
n
H
)n
− e−itHZ =

= U †rnkick

(
Ukicke

−i t
n
H
)rn (

Ukicke
−i t

n
H
)Nqn

− e−itHZ . (4.78)

(4.79)

Now we note that:
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1) since rn < N for each n, in the limit n→∞we have

(Ukicke
−i t

n
H)rn =

[
Ukick

(
I − it

n
H + o

(
1

n

))]rn
= U rn

kick +O
(

1

n

)
;

(4.80)

2) from a simple algebraic manipulation

(Ukicke
−i t

n
H)N = UN

kickU
†N−1
kick e−i

t
n
HUm−1

kick · · ·U
†
kicke

−i t
n
HUkicke

−i t
n
H

= e−i
t
n
HN−1 · · · e−i

t
n
H1e−i

t
n
H0 , (4.81)

where we have defined Hk ≡ U †kkickHU
k
kick;

3) We note further that

1

N

N−1∑
k=0

Hk =
1

N

N−1∑
k=0

U †kkickHU
k
kick =

1

N

N−1∑
k=0

(
m∑
µ=1

e−iλµPµ

)k

H

(
m∑
µ=1

eiλνPν

)k

=
m∑

µ,ν=1

PµHPν
1

N

m−1∑
k=0

e−ik(λµ−λν) =
m∑
µ=1

PµHPµ +
1

N
PµHPν

1− e−iN(λµ−λν)

1− e−i(λµ−λν)

=
m∑
µ=1

PµHPµ = HZ , (4.82)

since e−iNλµ = 1 for all µ by assumption;

4) we have that

e−i
t
n
HN−1 · · · e−i

t
n
H1e−i

t
n
H0 − e−i

tN
n
HZ

=
∑

k0,...,kN−1

(
−it
n

)kN−1 H
kN−1

N−1

kN−1!
· · ·
(
−it
n

)k0 Hk0
0

k0!
−
∞∑
k=0

(
−itN

n

)k
Hk
Z

k!

=
∞∑
k=0

1

k!

(
−it
n

)k  ∑
k0,...,kN−1∑

j kj=k

(
k

k0, . . . , kN−1

)
H
kN−1

N−1 · · ·H
k0
0 − (H0 +H1 + · · ·+HN−1)

k


= O

(
1

n2

)
, (4.83)

where the last equality holds because the first two terms of the series
expansion are vanishing, as can be verified by inspection. Therefore:

(Ukicke
−i t

n
H)N − e−i

tN
n
HZ = O

(
1

n2

)
. (4.84)
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Using these results into equation (4.78):

U †nkick

(
Ukicke

−i t
n
H
)n
− e−itHZ

= U †rnkick

(
U rn
kick +O

(
1

n

))(
Ukicke

−i t
n
H
)Nqn

− e−iNqn
t
n
HZe−irn

t
n
HZ

=
(
Ukicke

−i t
n
H
)Nqn

− e−iNqn
t
n
HZ (e−irn

t
n
HZ − I + I) +O

(
1

n

)
=
[
(Ukicke

−i t
n
H)N

]qn
−
[
e−iN

t
n
HZ
]qn
−
(
e−irn

t
n
HZ − I

)
e−iNqn

t
n
HZ +O

(
1

n

)
=
[
(Ukicke

−i t
n
H)N

]qn
−
[
e−iN

t
n
HZ
]qn

+O
(

1

n

)
. (4.85)

It follows that∥∥∥U †nkick (Ukicke
−i t

n
H
)n
− e−itHZ

∥∥∥ 6
∥∥∥[(Ukicke

−i t
n
H)N

]qn
−
[
e−iN

t
n
HZ
]qn∥∥∥+O

(
1

n

)
6 qn

∥∥∥(Ukicke
−i t

n
H)N − e−iN

t
n
HZ

∥∥∥+O
(

1

n

)
= qnO

(
1

n2

)
+O

(
1

n

)
= O

(
1

n

)
, (4.86)

where we have taken into account the fact that qn = O(n). We have managed
to control the distance between Un(t) and e−itHZ with a quantity which goes
to zero as n grows, therefore in the limit n → ∞ we obtain the statement of
the theorem.

We can therefore write that in the limit n→∞ the evolution described by
the unitary operator Un(t) tends toward a quantum Zeno dynamics except
for a phase factor, irrelevant from a physical point of view:

Un(t) = Un
kickUn(t) ∼

n→∞
Ukicke

−itHZ = exp

[
−i

m∑
µ=1

(nλµPµ + tPµHPµ)

]
.

(4.87)

4.3.1 Example: quantum Zeno subspaces in a 3-dimensional
Hilbert space

Let us consider a 3-level system living in the Hilbert space H = C3 and
let B = {|1〉 , |2〉 , |3〉} be a basis of H . Suppose that the Hamiltonian of the
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(a) Free evolution

(b) Bang-bang evolution

FIGURE 4.4: Transition probabilities P1→k(t) without any kicks
(a) and with n = 50 unitary kicks (b). We set λ = . . .Ω.

system is given by

H = λ(|1〉 〈1| − |3〉 〈3|) + Ω
∑
k=1,2

(|k〉 〈k + 1|+ |k + 1〉 〈k|) =

 λ Ω 0
Ω 0 Ω
0 Ω −λ

 .

(4.88)
This Hamiltonian generates an evolution U(t) = e−itH characterized by

oscillations between the three basis states with frequency Ω. If we take |ψ(0)〉 =
|1〉, the state at a subsequent time twill be given by |ψ(t)〉 = U(t) |ψ(0)〉, while
the probability to find the system in the state |i〉 (i = 1, 2, 3) will be given by

P1→k(t) = |〈k|ψ(t)〉|2 = |〈k|U(t)|1〉|2. (4.89)
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FIGURE 4.5: Probabilities Pk(t) to find the system in the state
|k〉 when starting in the state |2〉 at t = 0 with n = 100 unitary
kicks. We set λ = . . .Ω. There are oscillations between states
|2〉 and |3〉 which belong to the same Zeno subspace, while the
probability of a transition to the state |1〉 is vanishing since it

belongs to a different Zeno subspace.

At t > 0 there will be in general a certain probability to find the system in a
state different from |1〉, as shown in Figure 4.4(a).

If we want the system to remain in its initial state |1〉we can use the bang-
bang decoupling with (for example) the following unitary kick:

U1 =

 1 0 0
0 −1 0
0 0 −1

 = P+ − P−, (4.90)

where
P+ = |1〉 〈1| , P− = |2〉 〈2|+ |3〉 〈3| . (4.91)

We can see in Figure 4.4(b) that with this sequence of unitary kicks the tran-
sition probability to the other states is vanishing: the system is freezed in
its initial state. In this case there is not a quantum Zeno dynamics because
we started in a one-dimensional Zeno subspaces. If we start in the two-
dimensional subspace of the unitary kick, for example |ψ(0)〉 = |2〉, we can
recognize the quantum Zeno dynamics in the oscillations between states |2〉
and |3〉, while the probability to find the system in state |1〉 is always vanish-
ing, as can be seen in Figure 4.5.
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4.4 Origin of the equivalence between continuous
and pulsed formulations

We have noticed that the equivalence between the measurement and the con-
tinuous coupling formulations of the quantum Zeno effect can be understood
if we consider that a measurement is physically performed by coupling the
system we want to measure with an external measuring apparatus. The
equivalence between strong continuous coupling and bang-bang formula-
tions of the quantum Zeno effect is less clear. In this section I will try to
explain the origin of the equivalence between these two pictures of the QZE.

We can note that:

• the continuous case is characterized by the Hamiltonian

Htot = H +KV, (4.92)

in the limitK →∞, and the Zeno subspaces are defined by the eigenspaces
of V ;

• the kicked dynamics described by the evolution operator (4.71) cannot
be generated by a regular Hamiltonian, since in such a case it should be
continuous, while the evolution operator Un(t) is clearly discontinuous;
however, we can consider an effective singular Hamiltonian:

Htot = H + τ1
∑
j

δ(t− jτ2)V, (4.93)

where τ2 is the period between two kicks and the unitary evolution
during a kick is U1 = exp(−iτ1V ). The limit n → ∞ in Eq. (4.71) corre-
sponds to τ2 → 0.

The two Hamiltonians (4.92) and (4.93) are both limit cases of:

Htot = H +K
∑
j

g

(
t− j (τ2 + τ1/K)

τ1/K

)
V, (4.94)

where the function g has the properties:∑
n

g(x− n) = 1, (4.95)

lim
K→∞

Kg(Kx) = δ(x). (4.96)

For example, we can consider g(x) = χ[−1/2,1/2]. The Hamiltonian (4.94) yields
an evolution characterized by kicks of duration τ1/K which are separated
one from another by a time interval of duration τ2 (so that the period between
the start of two successive kicks is τ1/K + τ2.
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• In the limit τ2 → 0:

Htot = H +K
∑
j

g

(
t

τ1/K
− j
)
V (4.97)

corresponds to a sequence of pulses of duration τ1/K without any idle
time between them. Using Eq. (4.95) we obtain exactly the continuous
coupling (4.92). Then, by taking the K → ∞ limit, we get the Zeno
dynamics.

• In the limit K →∞:

Htot = H +
∑
j

Kg

[
K

(
t− jτ2
τ1

)]
V (4.98)

corresponds to kicks of vanishing duration but with the same global
effect. Using Eq. (4.96) and the property of the Dirac delta function
δ(ax) = 1

a
δ(x) we obtain the kicked case (4.93). Then, by taking the

vanishing idle limit τ2 → 0 we obtain the Zeno subspaces.

To summarize, the equivalence between the two approaches is formally ex-
pressed by the relation

lim
K→∞

lim
τ2→0

Htot︸ ︷︷ ︸
continuous case

= lim
τ2→0

lim
K→∞

Htot︸ ︷︷ ︸
pulsed case

(for almost all τ1)

(4.99)
It is important to stress that this formal equivalence must be physically checked
case by case, since without the mathematical limit the relevant time scales
play a crucial role.
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Chapter 5

Product formulae

Strong continuous coupling and bang-bang control with a single unitary kick
both yield to a quantum Zeno dynamics. We recall that the first is obtained
through a continuous coupling with a control potential V , with an evolution
operator depending on a continuous coupling parameter K:

UK(t) = e−it(H+KV ), K →∞ (5.1)

while the second consists in a kicked evolution described by an evolution
operator

Un(t) =
(
Ukicke

−i t
n
H
)n
, n→∞ (5.2)

depending on the number of kicks applied to the system in the time interval
(0, t).

This two procedures are clearly different in their nature, but we have seen
that the limit behaviour is the same in the two cases, and we have recognized
in section 4.4 the origin of this equivalence in the order in which two limits
are performed. We want now to deepen the understanding of this equiva-
lence with a more formal procedure studying this double limit.

In order to do so, we first make the expression (5.2) more similar to (5.1) by
writing the unitary kick as the exponential of an Hermitian operator Ukick =
e−itV (remember that time t here is fixed), so that we can recast Un(t) in the
following form:

Un(t) =
(
e−itV e−i

t
n
H
)n
. (5.3)

If we look closely at equations (5.1) and (5.3) we find that we have to con-
front the exponential of the sum of two operators with the product of several
exponentials. The Trotter product formula, which we introduce in the next
section, can represent a usefool tool to compare them.

5.1 Trotter product formula

If we consider an operator A in a finite dimensional Hilbert space H (i.e.
H = Cn), we can define its exponential as the sum of an absolutely conver-
gent series:

eA =
∞∑
k=0

Ak

k!
(5.4)
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If we have two commuting operators A and B, we can express eA+B as eAeB,
reproducing the property valid for the exponential of c-numbers. We have,
indeed:

eAeB =
∞∑
j=0

Aj

j!

∞∑
k=0

Bk

k!
=
∞∑
n=0

n∑
k=0

1

k!(n− k)!
AkBn−k =

∞∑
n=0

(A+B)n

n!
= eA+B.

(5.5)
The third equality (where we used the Newton binomial formula) is the cru-
cial passage here: it is justified only if [A,B] = 0. If this is not the case,
Newton binomial formula fails to be valid and eAeB 6= eA+B. There is how-
ever an interesting way to link the two exponential in some manner, and it is
expressed by the following limit:

eA+B = lim
n→∞

(
eA/neB/n

)n
, (5.6)

which is known as Trotter product formula.

Proof. In order to prove this limit we set U = eA/neB/n, V = e(A+B)/n and
observe that

‖U‖ , ‖V ‖ 6 e(‖A‖+‖B‖)/n. (5.7)

Then we consider:∥∥∥(eA/neB/n)n − eA+B∥∥∥ = ‖Un − V n‖ =

∥∥∥∥∥
n−1∑
k=0

Uk(U − V )V n−1−k

∥∥∥∥∥
6

n−1∑
k=0

‖U‖k ‖U − V ‖ ‖V ‖n−k−1 6
n−1∑
k=0

‖U − V ‖ e
n−1
n

(‖A‖+‖B‖)

6 n ‖U − V ‖ e(‖A‖+‖B‖). (5.8)

Now we want to show that the last term goes to zero when n → ∞. We can
easily control this term:

n ‖U − V ‖ = n
∥∥eA/neB/n − e(A+B)/n

∥∥
= n

∥∥∥∥∥
∞∑
k=0

1

k!

(
A

n

)k ∞∑
j=0

1

j!

(
B

n

)j
−
∞∑
l=0

1

l!

(
A+B

n

)l∥∥∥∥∥
= n

∥∥∥∥∥
∞∑
l=0

1

l!nl

l∑
k=0

(
l

k

)
AkBl−k −

∞∑
l=0

1

l!

(
A+B

n

)l∥∥∥∥∥
= n

∥∥∥∥∥
∞∑
l=0

1

l!nl

[
l∑

k=0

(
l

k

)
AkBl−k − (A+B)l

]∥∥∥∥∥
= n

∥∥∥∥∥ [A,B]

2n2
+
∞∑
l=3

1

l!nl

[
l∑

k=0

(
l

k

)
AkBl−k − (A+B)l

]∥∥∥∥∥
6
‖A‖ ‖B‖

n
+O

(
1

n2

)
. (5.9)
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Thus, in the limit for n→∞, we obtain:∥∥∥(eA/neB/n)n − eA+B∥∥∥ = O
(

1

n

)
. (5.10)

which completes the proof.

5.2 An intermediate situation

Keeping in mind the Trotter product formula, we can shed more light on the
connection between the two evolution operators (5.1) and (5.3). Naively, we
can think of Un(t) in the limit n→∞ in the following way:

Un(t) =
(
e−in

t
n
V e−i

t
n
H
)n Trotter?∼ e−it(nV+H), n→∞. (5.11)

Clearly we are “cheating”, since we want to use a sort of Trotter approxi-
mation with an operator A = −inV t depending on n. However, with this
“bold” move we managed to recover a strong continuous coupling starting
from a pulsed sequence of unitary operators. We can deal more formally with
this approximation considering the following evolution operator, depending
both on n and K:

Un,K =
(
e−iK

t
n
V e−i

t
n
H
)n
. (5.12)

Starting from this operator, we can consider first the limit n → ∞ keeping
K fixed, obtaining in this way the continuous coupling unitary (5.1) through
the Trotter product formula. However we have to take the limit K → ∞ if
we want to recover quantum Zeno dynamics: we have to bother again with
a double limit. In order to study this double limit we can choose a particular
trajectory in the (n,K) plane, i.e. consider a particular dependenceK = K(n)
and see what happens when n→∞. Following this scheme, we have that:

1) bang-bang decoupling is recovered considering K(n) = n, as already
noted in equation (5.11); this corresponds to following the bisector of
the plane (n,K) when taking the limit.

2) the limit for n → ∞ keeping K fixed is obtained considering K = K0

with K0 not depending on n, and we saw that in such a case we have a
continuous coupling but we aren’t able to control the system since the
appearance of quantum Zeno subspaces requires a subsequent strong
coupling limit K →∞.

The two situations are shown in Figure 5.1. For the blue curve we do not
know whether the Trotter approximation works but we know there is con-
trol. For the red curve we can use for sure the Trotter approximation but,
as far as control is concerned, it is of little use, since there is not the strong
coupling limit which would give a quantum Zeno dynamics. We can study
therefore what happens in the middle: we can consider for example the limit
behaviour along the curves Kα(n) = nα with α ∈ (0, 1), which lay between
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1

1

n

K

K(n) = n
K(n) = 1
K(n) = nα

FIGURE 5.1: (n,K) plane

the red curve and the blue one, as shown in the figure. With the same naive
procedure used for equation (5.11), we might use a sort of generalized prod-
uct formula in the following way:(

e−iKα(n)
t
n
V e−i

t
n
H
)n Trotter?∼ e−it(Kα(n)V+H) ∼ e−it(Kα(n)V+HZ) n→∞,

(5.13)
where the first approximation should be checked, while the second one comes
from the strong coupling limit expressed by theorem 4.1, since we have that

lim
n→∞

Kα(n) =∞ ∀α ∈ (0, 1]. (5.14)

Therefore the only thing about we are uncertain is the first approximation: if
it holds, we have quantum Zeno dynamics also in this case.

5.2.1 Numerical results

In order to see if our guess (5.13) is correct, we must verify that the dis-
tance between the operator on the left hand-side and the operator on the
right hand-side goes to zero as n → ∞. We must observe that since we are
considering finite dimensional Hilbert spaces, all norms are equivalent (see
Appendix A), in the sense that convergent sequences with respect to a par-
ticular norm will be convergent also with respect to all the other norms. We
can therefore choose a particular operator norm of convenience for numerical
computations, such as the Hilbert-Schmidt norm, defined as

‖A‖ =
√

Tr(A†A). (5.15)

For a first numerical check, we can start from the same Hamiltonian and
the same control potential V used in the example 4.2.1, but in this case we
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consider the control procedure prescribed by the evolution operator on the
left hand-side of (5.13): we alternatively let the system evolve for a time t/n
according to its own Hamiltonian and then let the control potential V act for
a time interval t/n with a coupling strength K(n) = nα. In this first check
we can consider for example α = 0.5 (in medio stat virtus) and evaluate the
quantity

ε(n) =
∥∥∥(e−iK(n) t

n
V e−i

t
n
H
)n
− e−it(K(n)V+HZ)

∥∥∥ , (5.16)

for several values of n. We will set t = 1 in all the numerical calculations
which will be considered from now on, unless stated differently. The results
obtained, shown in Figure 5.2(a) are encouraging: it seems indeed that the
distance between the two evolution goes to zero as n grows. For a more
quantitative analysis we can consider a logarithmic plot (see Figure 5.2(b)),
where we can see that after n = 100 the distance goes to zero with a power
behaviour. Taking a linear fit over the last decade we are also able to find the
exponent of this power behaviour.

This result however, is very specific: we have considered a particular
Hamiltonian H , a particular control potential V and a particular value of
α.

Before trying to work out the situation to find an analitic result, we can
at least see if it remains valid for a random Hamiltonian H and see if it still
holds for different values of α. We can take for example a 5 × 5 random
Hermitian matrix H generated as

H =
A+ A†

2
, (5.17)

where A is a random matrix with complex entries randomly chosen in the
square [−1, 1] × [−i, i] of the complex plane. As control potential we can
consider for example:

V =


1 0 0 0 0
0 1 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1

 . (5.18)

This choice fixes the eigenspaces

P1 =


1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , P2 =


0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 . (5.19)

Therefore the Zeno Hamiltonian is HZ = P1HP1 + P2HP2.
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(a) Linear plot

(b) Logarithmic plot

FIGURE 5.2: Plot of ε(n) against n with K(n) =
√
n
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We consider Kα(n) = nα and we plot

εZα(n) =
∥∥∥(e−iKα(n)V t/ne−i tnH)n − e−i(Kα(n)+HZ)t∥∥∥ (5.20)

versus n in logarithmic scale. We choose a range of values for n wide enough
to capture the asymptotic region and we make a linear fit in the logarithmic
scale:

log10 y = m log10 n+ q. (5.21)

The slope m of the fitting line in the logarithmic scale tells us what is the
power behaviour in the asymptotic region, according to:

y = 10qnm (5.22)

The fit is taken over the last decade in order to consider only the asymptotic
region. The results obtained for α = 0.3, α = 0.5 and α = 0.8 are shown in
Figure 5.3, 5.4 an 5.5 respectively. These results are very satisfying, since the
last decades seem to be described perfectly by a power behaviour. We find
also an interesting result from the fit parameters, since the power behaviour
in the asymptotic region seems to be exactly the value of α in the three cases.
This result is not completely surprising if we look again at equation (5.13). In
this equation, the approximation of which we are uncertain is the first one,
while the second one derives from the strong coupling limit expressed by
theorem 4.1. In that theorem we do not only prove the limit, but we also
obtain an important information on how the limit is approached, which is
expressed by equation (4.41). In our case Kα(n) = nα and equation 4.41 takes
the form

e−it(K(n)V+H) = e−it(K(n)V+HZ) +O
(

1

nα

)
. (5.23)

Therefore the power behaviour n−α in the asymptotic region is something we
do expect if we ignore the fact that we should add also the error of the first
approximation in equation (5.13).

5.3 Generalized product formula

At this point we can say that the main thing we want to make clear is if this
approximation is indeed legitimate, literally we want to know if it is true that

lim
n→∞

[(
e−i

t
n
Kα(n)V e−i

t
n
H
)n
− e−it(Kα(n)+H)

]
= 0, (5.24)

and we would also like to understand the convergence rate.
In the following theorem we show that (5.24) is indeed true, using tech-

niques similar to those used in the derivation of ordinary Trotter product
formula, (5.6). We will soon see, however, that this theorem does not clarifies
all the features we investigated numerically.
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FIGURE 5.3: Asymptotic power behaviour of εZα (n) with α =
0.3. The fit is taken over the last decade.

FIGURE 5.4: Asymptotic power behaviour of εZα (n) with α =
0.5. The fit is taken over the last decade.



Chapter 5. Product formulae 57

FIGURE 5.5: Asymptotic power behaviour of εZα (n) with α =
0.8. The fit is taken over the last decade.

Theorem 5.1. Let H and V be Hermitian operators on a finite dimensional Hilbert

space H and let K(n) be a function of n such that K(n) = o

(
1

n

)
for n → ∞, in

the sense that
lim
n→∞

K(n)

n
= 0. (5.25)

Then the following limit:

lim
n→∞

[(
e−i

t
n
K(n)V e−i

t
n
H
)n
− e−it(K(n)+H)

]
= 0 (5.26)

holds.
In particular, in the n→∞ limit we have that(

e−i
t
n
K(n)V e−i

t
n
H
)n
− e−it(K(n)V+H) = O

(
K(n)

n

)
. (5.27)

Proof. We consider for the sake of simplicity the case K(n) = nα with α ∈
[0, 1), for which the requirement K(n) = o(1/n) clearly holds. The general-
ization will follow immediately. Let us set An = −inαV = nαA, B = −itH ,
and following the proof of the Trotter product formula keeping in mind that
in this case U = eAn/neB/n and V = e(An+B)/n are unitary operators, we obtain

∥∥∥(eAn/neB/n)n − eAn+B∥∥∥ = ‖Un − V n‖ =

∥∥∥∥∥
n−1∑
k=0

Uk(U − V )V n−1−k

∥∥∥∥∥
6

n−1∑
k=0

∥∥Uk(U − V )V n−1−k∥∥ =
n−1∑
k=0

‖U − V ‖

= n ‖U − V ‖ . (5.28)
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Then, repeating the steps followed in equation (5.9), we get∥∥∥(eAn/neB/n)n − eAn+B∥∥∥ 6

6

∥∥∥∥∥ [An, B]

2n2
+
∞∑
l=3

1

l!nl

[
l∑

k=0

(
l

k

)
AknB

l−k − (An +B)l

]∥∥∥∥∥ (5.29)

6

∥∥∥∥∥ [nαA,B]

2n
+
∞∑
l=3

1

l!nl−1

[
l∑

k=0

(
l

k

)
AknB

l−k − (An +B)l

]∥∥∥∥∥
6
‖A‖ ‖B‖
n1−α +

∥∥∥∥∥
∞∑
l=3

Cl
l!nl−1

∥∥∥∥∥ (5.30)

with:

Cl =
l∑

k=0

(
l

k

)
AknB

l−k − (An +B)l

=
l−1∑
k=1

nαk

( lk
)
AkBl−k − (

( lk) permutations︷ ︸︸ ︷
AkBl−k + . . .)

 . (5.31)

Therefore, defining M = max{‖A‖ , ‖B‖}, we get∥∥∥∥∥
∞∑
l=3

Cl
l!nl−1

∥∥∥∥∥ 6
∞∑
l=3

‖Cl‖
l!nl−1

6
∞∑
l=3

1

l!nl−1

l−1∑
k=1

nαk2

(
l

k

)
‖A‖k ‖B‖l−k

6
∞∑
l=3

1

l!nl−1

l−1∑
k=1

nαk
(
l

k

)
2M l

6 2
∞∑
l=3

M lnα(l−1)

l!nl−1

l−1∑
k=1

(
l

k

)
= 2n1−α

∞∑
l=3

M l(2l−1 − 1)

l!nl(1−α)

6 n1−α
∞∑
l=3

1

l!

(
2M

n1−α

)l
= O

(
1

n2(1−α)

)
.
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This means that the second term in equation (5.29) can be neglected and we
finally obtain ∥∥∥(eAneB/n)n − eAn+B∥∥∥ 6

‖A‖ ‖B‖
n1−α + o

(
1

n1−α

)
. (5.32)

Hence, for α ∈ [0, 1) and in the limit n→∞we can say that:(
e−in

α t
n
V e−i

t
n
H
)n
− e−i(nαV+H)t = O

(
nα

n

)
. (5.33)

Clearly this result does not hinge upon the particular dependence K = K(n)
as long as K(n) = o(1/n) in the limit n→∞, and in such a case we have the
asymptotic behaviour:(

e−i
t
n
V e−i

t
n
H
)n
− e−it(K(n)V+H) = O

(
K(n)

n

)
n→∞. (5.34)

which completes the proof.

Using the result of this theorem together with the strong continuous cou-
pling theorem 4.1, we can therefore conclude that in the intermediate situation
with α ∈ (0, 1), the evolution tends toward a quantum Zeno dynamics. Since
both theorems give also the error of the approximation when n is large but
finite, we can also estimate the error as(

e−i
t
n
K(n)V e−i

t
n
H
)n
− e−it(K(n)V+HZ)

=
[(
e−i

t
n
K(n)V e−i

t
n
H
)n
− e−it(K(n)V+H)

]
+
[
e−it(K(n)V+H) − e−it(K(n)V+HZ)

]
= O

(
K(n)

n

)
+O

(
1

K(n)

)
. (5.35)

We can compare this analytic estimate with the asymptotic behaviour ob-
tained in numerical calculations. Considering Figures 5.3 and 5.4 we can
say that the numerics agree with what we expect: the greater order between
1/Kα(n) = n−α and Kα(n)/n = nα−1 for α = 0.3 and α = 0.5 is 1/nα =
1/Kα(n).

For α > 0.5, however, the dominant term is Kα(n)/n = 1/n1−α, then with
α = 0.8 we would expect a power behaviour like 1/n0.2, while numeric calcu-
lations show something else: the asymptotic behaviour for α = 0.8 is 1/n0.8

which seems to be still determined by 1/Kα(n). If this is the case, it would
imply that our estimate of the error in the “generalized product formula”
given in equation (5.27) is not optimal and can be improved. We can verify
that the result obtained in Figure 5.5 for α = 0.8 is not just accidental by re-
peating the numerical analysis with other randomly generated matrices H
and we can also verify that for other values of α > 0.5 we have always a
power behaviour like n−α, as shown in Figures 5.6(a) and 5.6(b).
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(a) α = 0.6

(b) α = 0.7

FIGURE 5.6: Contrarily to what one would expect from equa-
tion (5.35), the distance εZα (n) goes to zero as 1/nα also for
α > 0.5, where our analytic estimation predicts a behaviour

as 1/n1−α
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FIGURE 5.7: Asymptotic power behaviour of εTα(n) with α =
0.3. The fit is taken over the last decade.

5.3.1 Numerical analysis of the generalized product formula

Since all the numerical results obtained for α > 0 seem to confirm the hypote-
sis that the error in the generalized product formula (5.26) is actually smaller
than O (K(n)/n), at this point we can try a numerical approach directly with
equation (5.26).

In this case we want to consider a situation as generic as possible, there-
fore we can consider two random Hermitian matrices H and V of dimension
D × D. In order to construct the two matrices H and V in such a way that
they are random and independent, we first generate two random matrices
A and B of dimension D × D with complex entries randomly chosen in the
square [−1, 1]× [−i, i], then we define H and V as

H =
A+ A†

2
, V =

B +B†

2
. (5.36)

We will consider the asymptotic behaviour of the error

εTα(n) =
∥∥∥(e−i tnKα(n)V e−i tnH)n − e−it(Kα(n)V+H)

∥∥∥ (5.37)

for several values of α ∈ (0, 1). Choosing some particular values of α, for
example α = 0.3, α = 0.5, α = 0.7 and considering D = 5 we find a first
surprising result: εTα(n) decays with n like 1/n in each of the three cases, as
shown in figures 5.7, 5.8 and 5.9. This explains the results obtained before
with εZα , but at this point we are dying to know if this happens for all the
values of α ∈ [0, 1].

In order to understand the general behaviour in the interval, we will per-
form the following procedure:
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FIGURE 5.8: Asymptotic power behaviour of εTα(n) with α =
0.5. The fit is taken over the last decade.

FIGURE 5.9: Asymptotic power behaviour of εTα(n) with α =
0.8. The fit is taken over the last decade.
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FIGURE 5.10: Asymptotic power behaviour of the distance εTα
for several values of α with D = 5

1. consider several values of α equally spaced in the interval [0, 1], in par-
ticular from α = 0 to α = 1 using steps of ∆α = 0.05 (yielding to 21
values for α);

2. for each value of α, take a linear fit of the curve εTα(n) in logarithmic
scale for two decades of points between n = 104 and n = 106;

3. plot the exponent of the asymptotic behaviour of εTα(n) against α;

4. iterate the procedure for several random matrices (Niter = 10).

The result obtained following this procedure forD = 5 is shown in Figure
5.10. We can see that apart from slight oscillations for small values of α that
will be shortly explained, the asymptotic behaviour in the n→∞ is always

εTα(n) = O
(

1

n

)
. (5.38)

independently from the value of α. This result is astonishing, since it means
that our generalized version of Trotter product formula works (with Hermi-
tian operators) with the same error of the classical one.

Oscillations for different random iterations near α = 0 can be understood
if we consider the logarithmic plot of εTα(n) for a particular value of α chosen
in the region where oscillations occurs. Considering for example α = 0.15,
we obtain the result shown in figure Figure 5.11, which shows that the region
we are considering for the fit is not in the asymptotic regime for small values
of α.

Results obtained for different dimensions are similar, as can be seen for
example in Figure 5.12



Chapter 5. Product formulae 64

FIGURE 5.11: For α = 0.1 (and in general for α near 0 transient
regime lasts more, and the region between n = 104 and n = 106

over which we are considering the fit is not in the asymptotic
regime yet.

FIGURE 5.12: Asymptotic power behaviour of the distance εTα
for several values of α with D = 10.
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Note that in these numerical simulation α = 0 and α = 1 are included, and
we can see in both figures 5.10 and 5.12 that in this extrema points the oscil-
lations of the exponent between different random iterations are completely
negligible. It seems that in these extrema points the product formula works
“better”. The point α = 0 corresponds to the traditional Trotter product for-
mula, so that this fact is not that surprising, but the point is very important
for two reasons:

• Theorem 5.1 does not cover the case α = 1;

• The validity of (5.38) at α = 1 written explicitly corresponds to the
validity of: (

e−itV e−i
t
n
H
)n
− e−it(nV+H) = O

(
1

n

)
(5.39)

which was our starting point, a way to see the equivalence between
the kicked formulation and the strong continuous coupling formula-
tion of quantum Zeno effect. If (5.39) can be proven analitically, than
the kicked formulation of quantum Zeno dynamics would be just a con-
sequence of strong coupling and our generalized product formula.

Recalling that we had to assume a “resonance” condition on the eigenvalues
of Ukick in order to prove that it leads to a quantum Zeno dynamics, we rec-
ognize that the validity of (5.26) is not just a conceptual issue, since it would
allow us to prove the decoupling action of dynamics without any assump-
tions on the eigenvalues. Such a proof would be of fundamental importance,
since in this case we would obtain a bang-bang control procedure involv-
ing a single unitary kick which allows us to decouple the system from its
environment, at variance with the procedure commonly used in the context
of dynamical decoupling, which involves instead a cycling through a group
(see section 3.4.3).



Conclusions and Outlook

We have shown that by using the quantum Zeno effect it is possible to con-
trol the evolution of the state of a quantum system in such a way that it
remains in fixed subspaces of the total Hilbert space which are immune to
decoherence. In particular, quantum Zeno dynamics is characterized by the
formation of quantum Zeno subspaces in which a coherent evolution of the
state of the system takes place, while transitions between different subspaces
are hindered by dynamical superselection rules.

We have proved that, besides its original measurement formulation, the
quantum Zeno dynamics can be realized with two different procedures. We
have used the adiabatic theorem to prove that a quantum Zeno dynamics
can be realized through a strong continuous coupling of the system with an
external control potential, with subspaces determined by the eigenspaces of
the control potential. Using the rate of approach to the limit of the adiabatic
evolution, we also estimated the “distance” between the controlled dynamics
and the actual evolution of the system when the coupling constant is large
but finite.

The same result can be obtained if the application of strong, instanta-
neous pulses to the system is employed instead of a continuous coupling.
The resulting evolution is characterized by the alternation of free evolutions
for small time intervals and instantaneous unitary kicks (bang-bang decou-
pling). With a “resonance” assumption on the spectrum of the unitary kicks,
we have proved that the evolution of the system approaches a quantum Zeno
dynamics in the limit of infinitely frequent kicks applied to the system. This
procedure resembles dynamical decoupling, except for the fact that in our
case only a single unitary kick is employed, instead of a group of unitaries.

The implications of these two results for the task of preserving coherence
of a quantum system are straightforward: choosing a suitable control po-
tential it is possible, using continuous or pulsed control, to force the evolv-
ing state of the quantum system to remain in subspaces of the Hilbert space
which are not affected by decoherence.

In order to understand the equivalence between the strong continuous
coupling and the kicked evolution, we have considered an intermediate sit-
uation which interpolates between the two methods, where a parameter α
varying in the interval 0 6 α 6 1 has been introduced, the case α = 0 cor-
responding to the continuous coupling by virtue of the Trotter product for-
mula, while the case α = 1 corresponds to the kicked evolution. We have
seen that it is possible to express all the cases with α > 0 in terms of a strong
continuous coupling if a sort of generalization of the Trotter product formula
is true.



Chapter 5. Product formulae 67

We have therefore studied this product formula, proving its validity for
all values 0 6 α < 1. In our proof we also estimated the rate of approach
to the limit, which decreases as α increases. It would be interesting to prove
that the formula is true also for α = 1, since it would mean that the kicked
evolution is indeed completely equivalent to a strong continuous coupling.
This equivalence is not just a conceptual issue, since it would imply that it is
possible to perform dynamical decoupling using only a single unitary kick
instead of a group of unitaries, without further assumptions.

Numerical analysis have been performed, which confirms the validity of
the product formula for all values of α in the interval 0 6 α 6 1. Moreover,
the study of the rate of convergence in this product formula shows a sur-
prising result: the rate of approach to the limit is the same as in the Trotter
product formula (case α = 0) for all values of 0 6 α 6 1. This uniform rate of
approach to the limit may betray some subtle mechanisms at the basis of the
generalized product formula which may be interesting to investigate in the
future.



68

Appendix A

Equivalence of norms in finite
dimensions

The numerical analysis performed in this thesis required the evaluation of
the distance between operators defined on a finite dimensional Hilbert space
which has been evaluated using the Hilbert-Schmidt norm of a matrix, de-
fined by

‖A‖ ≡
√

Tr(A†A). (A.1)

This particular choice does not constitute a limitation, since we are going now
to show that in a finite-dimensional complex vector space V , all the norms
are equivalent, in the sense that they induce the same topology on V .

Definition A.1. Two norms ‖·‖a and ‖·‖b defined on the vector space V are
said to be equivalent if there exists a pair of real numbers 0 < C1 6 C2 such
that, for all v ∈ V , the following inequality holds:

C1 ‖v‖b 6 ‖v‖a 6 C2 ‖v‖b . (A.2)

First of all we note that this definition establishes indeed an equivalence
relation between norms, as can be easily proven. Then, due to transitivity, it
will be sufficient to prove that all norms are equivalent to a particular norm.

In order to consider this particular norm, we note that any finite-dimensional
vector space is endowed with a basis {ek}k=1,...,N , where N denotes the di-
mension of the vector space. We give then the following definition:

Definition A.2. Given a vector v =
∑N

k=1 ckek ∈ V , we define:

‖v‖1 ≡
N∑
k=1

|ck|. (A.3)

We further note that in order to show that (A.2) stands for all v ∈ V for
some C1, C2, it is sufficient to prove it only for the vectors on the unit sphere,
‖v‖1 = 1: in fact it is trivially true for v = 0, whereas for v 6= 0 we can divide
by ‖v‖1 and obtain the condition:

C1 6 ‖u‖a 6 C2, (A.4)

where u =
v

‖v‖1
has norm ‖u‖1 = 1.
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Lemma A.1. Any norm ‖·‖1 is a continuous function on V under the topology
induced by the norm ‖·‖1.

Proof. We want to show that for any ε > 0 fixed, there exists a δ > 0 such that

‖x− x0‖1 < δ =⇒ |‖x‖a − ‖x0‖a| < ε. (A.5)

In order to do this, we first observe that by the triangle inequality:

‖x‖a − ‖x0‖a = ‖x0 + (x− x0)‖a − ‖x0‖a 6 ‖x− x0‖a , (A.6)
‖x0‖a − ‖x‖a = ‖x− (x− x0)‖a − ‖x‖a 6 ‖x− x0‖a , (A.7)

hence:
|‖x‖a − ‖x0‖a| 6 ‖x− x0‖a (A.8)

Then, writing x =
∑N

k=1 ckek and x0 =
∑N

k=1 c
0
kek and applying the triangle

inequality again, we obtain:

‖x− x0‖a 6
N∑
k=1

∣∣ck − c0k∣∣ ‖ek‖a 6 ‖x− x0‖1( max
16k6N

‖ek‖a
)

(A.9)

Therefore, if we choose
δ =

ε

maxk ‖ek‖a
, (A.10)

it immediately follows that:

‖x− x0‖1 < δ =⇒ |‖x‖a − ‖x0‖a| 6 ‖x− x0‖a < ε (A.11)

By the extreme value theorem, a continuous function on a compact set, such
as the unit sphere defined by {u ∈ V | ‖u‖1 = 1}, must achieve a minimum
and a maximum value. We can therefore set:

C1 = min
‖u‖1=1

‖u‖a , (A.12)

C2 = max
‖u‖1=1

‖u‖a . (A.13)

Since u 6= 0 for ‖u‖1 = 1, it follows that C2 > C1 > 0 and:

C1 6 ‖u‖a 6 C2 (A.14)

which is what we wanted to prove.
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